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Abstract 

The partial sum process of orthogonal expansion ^2 n>0 c n u n is a ge- 
ometric 2-rough process, for any orthonormal system {u„} >0 in 1? and 
any numbers {c n } satisfying Y2 n >o 0°S2 ( n + I)) 2 l c ™| 2 <- 00 ■ For Fourier 
series, the condition can be strengthened to 2~^n>o log 2 (n + 1) |c n | 2 < oo, 
which is equivalent to f*^ dudv < oo (with / the limit 

function) . 

1 Introduction 

Rough path techniques are used in [5] to analyze the radial behavior of a har- 
monic function on the unit disk. It is proved that, when the boundary function 
in the log Sobolev space, the radial function is a 2-rough process when accom- 
panied by its area. In this paper, we treat the nth partial sum of the orthogonal 
expansion of the boundary function as a process evolving with n and continuous 
on [0, oo) by interpolating on integers. More rigorously, 

Definition 1 {« n }™ =0 is said to be an orthonormal system in L 2 and denoted 
as {u n } £ L 2 , if there exist measure space (f2,^-",/x) and Hilbert space (V, ||-||), 
such that u n : {Q,,F,n) — > (V, ||-||) Vn £ N, and J„ (u n (uj) , u m (ui)) // (dui) = 
o~mn Vn, m £ N. With spaces specified, we denote {u n } £ L 2 ((O, F, fx) , (V, ||-||)) 
or simply {u n } £ L 2 (fi, V). 

Definition 2 Suppose {u n }^L £ L 2 , and {c„}^ is a sequence of numbers. 
Then the partial sum process X of 5Zj. =u c n u n is a continuous process indexed 
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by [0, oc), got by defining for each wGO, 

n 

X n {lu) := Cku k H , VneN, (1) 

fc=0 

and interpolating linearly between adjacent integers. 

We will identify a condition on {c„}, under which X is a rough path with 
finite 2- variation on the half line, almost everywhere on f2 and for every choice 
of orthogonal sequence. Of course, the null set depends on the orthogonal 
sequence. 

Following is the definition of p- variation from Wiener [26]. widely used in 
rough path theory ([2], [IB], [H], [5]). (Intervals instead of points are used to 
simplify notations in our proofs.) 

Definition 3 (Finite partition Dj) Suppose J is a finite interval. Then a 
set of intervals {Ik}i.—i * s sa *^ t° be a finite partition of J, if Ik are disjoint, of 
positive length, and J — U^ =1 /fc. Denote the set of finite partitions of J as Dj. 

Definition 4 (p- variation) Suppose (V, ||-||) is a Banach space, and J is a 
finite interval. 7 : J — > (V, ||-||) is continuous and p € [1, 00). For finite interval 
I, denote 7 (/) :— 7 (sup tg/ 1) — 7 (infjg/ t). Then the p-variation of 7 on J is 
defined as 

H\ P - va r,J ■■= ( ™p £||7(4)ir). (2) 

When p = oo, IML-wr.J : = su P s ,teJ h (*) ~ 7 0)|| ■ 

If j is defined on [0,oo), ||7llp-„ Qr ,[0,oo) : = lim «->oo INIp-w.Io.n] ■ 

A continuous path 7 is of finite p-variation iff it can be reparametrised to 
be —Holder continuous. The function p M> ||7|L_ uor j on p E [l,oo] is non- 
increasing, and continuous where it is finite. It is clear that ||7|| J) _ t , ar j ^ < 
00 for some p G [1, 00) implies the existence of lim^oo 7 (t). Thus, almost 
everywhere finiteness of 2-variation of partial sum process on the positive half 
line implies the existence of a limit function upto a null set. Therefore, our 
topic has a direct connection with a.e. convergence of general orthonormal 
series, which dates back to Wevl|25j. 

Definition 5 (Weyl multiplier for property p) Suppose {w (n)}'^' =0 is a se- 
quence of positive non- decreasing numbers, {w (n)} is said to be a Weyl mul- 
tiplier for property p, if p holds for all orthogonal series Y^=o c n u n, for any 
orthonormal system {u n } in I? and any sequence of numbers {c n } satisfying 

Not every orthogonal series with coefficients in I 2 is convergent. There exists 
an L 2 Fourier series which diverges a.e. after some rearrangement, |28j . In fact, 
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for any complete orthonormal system in L 2 ((0, 1) , R), there exists a continuous 
function, whose expansion diverges unboundedly almost everywhere after some 
rearrangement, [3D]. Moreover, Banach[2] proved that, if we equip L 2 ((0, 1) , R) 
with the metric 

d({"n},K» = f:^ 1 "7""""^ ■ \\u\\ L ,= (fu 2 {x)dxY, (3) 
n=0 1 1 + \\ u n ~ v n\\ L 2 \Jo / 

then the set of orthonormal systems, whose expansions of all bounded varia- 
tion functions diverge unboundedly almost everywhere, is a Gs and everywhere 
second category subset of L 2 ((0, 1) ,R). 

The exact Weyl multiplier for almost everywhere convergence of general 
orthogonal series is found by Menshov[18] and Rademacher [22] . 

Theorem 6 (Menshov- Rademacher) The orthogonal series X^^Lo C « M « con ~ 
verges almost everywhere, for any {u n }^ =0 € L 2 and any sequence of numbers 
{ c n)n=v satisfying 

OO 

^(log 2 (n + l)) 2 | C „| 2 <co. (4) 
n=a 

Furthermore, (log 2 (n + l)) 2 in @ can not be replaced by o ^(log 2 (n + l)) 2 ^j , 
and there exists an absolute constant C such that 

j oo 
max || c n u n (w) || 2 /i (dw) < C (log 2 (n + l)) 2 |c„| 2 . (5) 

.i<j<oo L — ' L — ' 
n—i n—Q 

Although its estimation is rough using Cauchy-Schwarz inequality fp251[TU]). 
the Weyl multiplier {(log 2 (n + l)) 2 } is exact: For any Weyl multiplier {w (n)} 
satisfying w (n) = o((log 2 (n + l)) 2 ), there exists an a.e. divergent orthogonal 
series J2n c nU n , such that J2n w ( n ) l c «l < 00 (p254[10]). (The main idea is to 
glue independent pieces of finite orthogonal sequences together, where each piece 
provides a constant increment on a sufficiently large set, then almost everywhere 
divergence follows from Borel-Cantelli lemma.) 

Moreover, as a remarkable improvement of the above counter-examples, 
Tandori 23 showed that: for any sequence of positive monotone decreasing 
numbers {c„} (denoted as {c„} + i) satisfying J2 n (1°§2 ( n + 1)) l c "l = °°: 
there exists {u n } G L? such that J2 n c nU n diverges a.e.. Thus, for any {c„} + I, 
the necessary and sufficient condition for ^ n c n u n to converge almost every- 
where for all {u n } 6 L 2 is (U). Based on Tandori's result and apply Theorem 

II in [2], we know: if {c„} + | and J2 n ( lo §2 ( n + l )) 2 l c «| 2 = °°' tnen J2 n C ™ M " 
diverges unboundedly a.e., on a set of orthonormal systems, which is Gs and 
everywhere second category subset of L 2 ((0, 1) , R), in topology defined in ([3]). 

A recent improvement of Menshov-Rademacher Theorem by A. Lewko and 
M. Lewko [12] strengthened a.e. finite co-variation to a.e. finite 2-variation. 
They decompose the partial sum process into the sum of two, one of which 
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encodes long range displacement, while the other keeps returning to origin. The 
power of this decomposition already manifested itself in the proof of Menshov- 
Rademacher theorem. We will use this decomposition, and show that the partial 
sum process is a geometric rough process. 

For a specific orthonormal system, Weyl multiplier for a.e. convergence can 
be strengthened, even w (n) = 1 for all n. In that case, the orthonormal system 
is called a convergent system. Among those convergent systems, almost every- 
where convergence of L 2 Fourier series came as a deep theorem by Carleson[3]. 
Hunt [9] extended Carleson's result to L r , 1 < r < oo, and proved: 

{/[ \\X(0)\L- var dO^ ' < C r \f(9)\ r M) r ■ (6) 

where X (9) is the partial sum process of Fourier series of / at 9. Moreover, in 
a recent paper by Oberlin, Seeger, Tao, Chiele and Wright[19], they proved a 
p- variation version of Carleson's theorem, which is a deep result and mainly the 
inequality: 

OC iixm v-^ dd ) - ° pr {Jl if mrdd ) 

when p > max {2, r'}, with r' — r/(r— 1). Thus, the partial sum process of 
L 2 Fourier series has finite p- variation a.e., for any p > 2. As a complement to 
[19], in [12], the authors proved that {log 2 (n + 1)} is a Weyl multiplier for a.e. 
finite 2- variation of Fourier series. 

In this paper, we work with general orthonormal systems. Using techniques 
in rough analysis ([7],[l2])> we identify {(log 2 (n + l)) 2 } as the exact Weyl multi- 
plier for the partial sum process being a geometric 2-rough process. In the case of 
Fourier series, the condition can be strengthened to J^n 1°§2 ( n + -0 l c ™| 2 < °°> 
which, as we prove, is equivalent to ^^ U )~JS^ dudv < oo (with {c n } 

the Fourier coefficients of /). However, as we demonstrate in Example 1231 for 
any Weyl multiplier {w (n)} increasing strictly faster than {(log 2 log 2 n) 2 } and 
satisfying Mm^^ g^^-^p = oo, £) n w (n) |c„| 2 < oo is Not a necessary con- 
dition for the partial sum process of Fourier series to be a geometric 2-rough 
process. Finally, as a complement, we provide a self-contained proof of an ex- 
ample of L 2 Fourier series with infinite 2-variation almost everywhere. 

2 Preparations, geometric 2-rough path 

Before proceeding to our theorems, we introduce the notion of geometric 2-rough 
path, following [15 with small modifications. Rough path on [0, oo) is just a 
rescaled rough path on [0,1], or more specifically, as defined below. 

Notation 7 Denote Ajq.oo) : ~ {( s ^) |0 < s < t < oo} 
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We have already defined p- variation of a path on [0, oo) (Definition 0} ; the 
p- variation of functions on A[o ltx >) can be defined in a similar way. 

Definition 8 Suppose (V, ||-||) is a Banach space, a : Aro i00 ) — > V 82 is jointly 
continuous (with® tensor product) satisfying Vt 6 [0, oo), a(t,t) —0. For finite 
interval I , denote a (J) := a (inf te / t, sup teJ t). Then for p € [1, oo), define the 
p-variation of a on [0, oo) as 

IMIp-twr.10,00) := J!*!» IMIp-twr.p.n] -=£™ ( , , SU P HM^OlM , 

\{-ffc}6-D[o,„] fc / 

where -D[o,n] *s fie sef of finite partitions of [0,n] as defined in Definition^ 

We assume ||u ® u|| < ||u|| ||u||, for any u, v € V. Our proofs are valid as long 
as there exists constant C > 0, ||u ® u|| < C \\u\\ ||u|| for any u, v € V. Then if 
denote and as the identity of addition in V and in V® 2 respectively, we have 
for any m£V,0®« = ii®0 = 0. 

Notation 9 Denote [u,v] := u <E) v — v <E) u. 

Definition 10 (2-rough path) Suppose (V, ||-||) is a Banach space, 7 : [0, 00) — > 
V is continuous, a : A[ ,oo) — V® 2 is jointly continuous and a(t,t) = 
\ft e [0,oo). Then T : A[ 0)OO ) -» V ® V® 2 = (j,a) taking value 

T (s, i) = (7 (t) - 7 (s) , a (s, *)) at («, i) € A [0lOo) 

is a 2-rough path, if 7 and a satisfy V < s < it < t < 00, 

a (s, t) = a (s, u) + a (u, t) + - [7 (u) - 7 (s) , 7 (i) - 7 («)] , (7) 

and ||r|| G(2) := (|| 7 IU ar + |MlL„«r) * < °°- (») 

The property in (|7|) is called multiplicativity. T satisfying ([7} is called mul- 
tiplicative. The norm ||-|| G ( 2 ) defined in (0) is 2-rough path norm. 

Suppose r is a 2-rough path on Am oo). If define 7 (00) := lim t _ i . 00 7 (t) and 
a(s,oo) := limt^oo a (s, t), Vs € [0, 00), then these limits exist and finite, and 
r can be continuously extended to be a rough path on {(s, t) |0 < s < t < 00}. 

Definition 11 We saj/ a pai/i is 0/ locally bounded variation if it is of bounded 
variation on any finite interval. Denote the set of locally bounded variation 
paths as BVloco.1 ■ 

Definition 12 Suppose r y i : [0, 00) — > (V, ||-||), i — 1,2, are continuous and 
of locally bounded variation. Then define the area produced by 7 1 and 7 2 as 
function A (71, 7 2 ) : A [0iOO ) V 82 satisfying 

A (11,12) (M) : = ^ / I d 7i Oi) ,^72 ( M a)] , V(s,i) G A [0iOo) . 

Z J s<u 1 <u 2 <t 
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One can check that, for any < ti < t2 < t% < oo, 

A(7i,72)(*i,*3) = A(7 1 ,7 a )(ti,t a ) + A(7 1 ,7 2 )(i a ,t 3 ) (9) 

+ ^[7i («2)-7i (*i)»7a (*3)~7a (*a)] ■ 

Thus, if there exist c € V and i = 1 or 2, such that 7^ (t&) =cona sequence 
of times < t < ti < ■ ■ ■ < t n < 00, then using © and that for any u e V, 
0<K>w = it<8>0 = 0, we get 

n-l 

A(7i.7a)(*d.*n) =£)4(7 1 ,7 a )(t fcs tjH-i). (10) 

fc=0 

([H} and (fTUjl will be used in our proofs. 

Definition 13 Suppose 7 is continuous and of locally bounded variation, then 
we call A (7) := A (7, 7) the area of 7. 

Since 7 € -BVl ocq ;, or in our case an integer-interpolated piecewise linear 
path, it can be checked that (7,^.(7)) is multiplicative, and of finite 2-rough 
path norm on any finite interval. 

Notation 14 Suppose X is a process defined on (f£, IF, /x) indexed by [0, 00) sat- 
isfying X (u>) G BVloco.1 a.e.. Denote A (X) as the area process of X , defined as 
{A (X)) (u) = A (X (u)) when X (w) G BV Loca i and (A (X)) (u) = elsewhere. 

Definition 15 (geometric 2-rough path) Suppose (V, ||-||) is a Banach space. 
r : A 

[0,00) ~> Vffi V® 2 — (7, a) is called a geometric 2-rough path, ifT is a 2- 
rough path, and there exists a sequence of continuous bounded variation paths 
7 n : [0, 00) — > V , n > I, such that 

lim ||r-(7 w ,A( 7n ))|| c(a) =0. 

n— >oo 

Definition 16 (2-rough process) Suppose (V, ||-||) is a Banach space. T is 
a process defined on measure space (fl^J 7 ,^), with state space V®V® 2 , and 
indexed by A[ 0jOO ). Then we say T is a (geometric) 2-rough process, if T (cu) is 
a (geometric) 2-rough path for almost every lo € Q. 

Suppose X is a process defined on (f2, J- ', fi), with state space V, indexed by 
[0, 00). If for almost every u £ fi, there exists A (us) : Ar 0iOO ) — > V" 82 , such that 
(X (u>) , A (to)) is a (geometric) 2-rough path, then we say X can be enhanced to 
be a (geometric) 2-rough process, or simply X is a (geometric) 2-rough process 
when A is proven to exist. 

The entry of area in the definition of rough path is very natural. Suppose 
7 : [0, T] — > V is a path of finite p- variation. Consider the following example: 

4/M*) = [7(*)-7(o),<f7(*)], Mo) = e (11) 
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According to Young's integral [57]; when 1 < p < 2, the Riemann integral 

07 W = So <u!<u 2 <t ( Ul ) >d"~f (1*2)] + £ exists and 



71 72 p-™,-,[0,T] 



< C, 



fllTlllp— var,[0,T] + IIT2 11^ — var,[0,T]) 1 1 Tl 72 llp-«ar,[0,T] > 



i.e. the solution /3 in (|lip is continuous in p-variation topology w.r.t. the 
driving noise 7. However, this is no longer true when p > 2. The following 
sequence of smooth functions defined on [0, 1] 

" 1 f 2 2k ~] 
/J^^-^exp 2ri-fi (12) 

fe=i ^ ^ 

converges in 2-variation norm as n — >• 00, but their area on [0, 1] tends to infinity 
as n — > 00. Thus it makes sense to couple the path with its area, and treat them 
as one object, which we call a rough path. By proving a finite 2-variation path 
7 can be enhanced to be a geometric 2-rough path, rough path theory gives 
meaning to differential equations driven by enhanced 7, and the solution of 
differential equations driven by enhanced 7 can be approximated in rough path 
norm by solutions driven by a sequence of bounded variation paths. However, 
such lift does not always exists, see [24]. (For more general and systematical 
treatments of rough path, please refer to [15], [16] and [5].) 



3 Main Result 



Suppose {u n }^L n is an orthonormal system in L 2 (i.e. {u n } £ L 2 ), and {c„}^L 
is a sequence of numbers. We use logarithm to base 2 for simpler constants. 
|| -11(5(2) is the 2-rough path norm defined at (jH). 

Theorem 17 The partial sum process of c n u n , when enhanced by its area 
process (Notation \14% is a geometric 2-rough process (denoted as for any 
{u n } 6 L 2 and any {c n } satisfying Y^Lo (1°§2 ( n + -0) 2 l c n 1 2 < 00 ■ Moreover, 
(log 2 (n + l)) 2 can not be replaced by o((\og 2 (n + l)) 2 ), and 



« 00 
/ ||X {u)f am fi (du) < 768 ]T (log 2 (n + 1)) 



2 1 i2 
Cn 



(13) 



This theorem is an improvement of Menshov-Rademacher Theorem since 

11-^ ( CJ )lloo-i.ar — 11-^ ( w )IIg( 2 ) ' The cons t an t 768 is a crude estimation and 
can be improved for sure. 

Definition 18 {u n } is said to have the Hardy property with constant C , if for 
any sequence of numbers {an}^L satisfying Y^=o l a «| 2 < 00 > 



/ sup 

Jq 0<i<j<oo 



(i(du)<C [J2\a n \ 



\n=0 
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Theorem 19 Suppose {u n } has the Hardy property with constant C . Then, for 
{c„} satisfying J2 n 1°§2 ( n + 1) l c «l < °°> the partial sum process of J2 n c n u n, 
when enhanced by its area process, is a geometric 2-rough process (denoted as 
Xj. Moreover, 



(14) 



« oo 

/ \\K{u))\\ Gml x{du) < (3580 + 40C) V log 2 (n + 1) |c„| 

Corollary 20 Theorem 1 1 9\ holds for Fourier system, where log 2 (n + 1) in \H\ 
can not be replaced by o (log 2 (n + 1)). 

This corollary follows from Carleson-Hunt's inequality ([6]) (see also [4]) and 
Theorem [T^l The lower bound, as indicated in [T2] or [T2], can be obtained in 
the case of de la Vallee-Poussin kernel, or say, Dirichlet kernel. 

It is reasonable to define sobolev space ff£ og for s > 0, as the space of 
functions in L? ([— it, 7t] , whose Fourier coefficients satisfy 

oo 

^2 ( lo 8'2 ( n + i)) 2 * l c «| 2 < °°- 

Then we have the following identification of functions in Hf jQg . 

Theorem 21 For any s € (0,oo), there exist constants < k s < K s < oo, 
such that for any f 6 L? ([— tt, 7r] , M d ) , d > 1, wrai/i Fourier coefficients {c n }, 

if denote L := /" T [/ ~ { ^ (log 2 , - _ r f^dudv 

oo 

and I := (log 2 (n + l)) 2s |c„| 2 , then k s l < L < K s l. 

Corollary 22 Suppose f : [—tt,tt] — > E d satisfying 

\f(u)-f(v)\\ . ^ 
i i duav < oo. 

— 7T ^ — 7T |Olll 2 | 

XTien / is in L? , and the partial sum process of the Fourier series of f , when 
enhanced by its area process, is a geometric 2-rough process (denoted as XJ. 
Moreover, 

|X (9)\\ G(2) d9 < (3580 + 40C ) fci f [ ^"j ~ {ffl dudv, 



— TT J —TT 



where Co is the Hardy constant for L 2 Fourier series and ki is defined in The- 
oremWf\ 
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This corollary follows trivially from Corollary I2TJ1 and Theorem |2~T1 

Function x~3|log 2 || ( s+2 ) | log 2 (2 |log 2 § |) | 2 e , x £ (0,1), (according 
to Theorem 2.24 pl90 Vol I [H]) is included in H s Log when e > 0, while not 
included in -ff£ off when e < 0. 

However, although for Fourier series, log 2 (n + 1) in Corollary [501 can not 
be replaced by o (log 2 (n + 1)), ^ n ^og 2 {n + 1) \c n ^ < oo is not a necessary 
condition for the partial sum process of Fourier series to be a geometric 2-rough 
process. In fact, we give a little stronger statement. 

Example 23 Suppose {w (n)} is a Weyl multiplier that n t— > n ^ is 

strictly increasing from some point on, and linin^^ K ^ = oo. T/ien 

i/iere exists a 2 -dimensional Fourier series Y^Li c nC m9 , such that the partial 
sum process of which is a geometric 2-rough process, but YlnLi w ( n ) l c «| 2 = 00 • 

One might be tempted to ask whether all L? Fourier series have finite 2- 
variation a.e., which, however, is not true. It is proved in [6] that there exists 
a bounded function, such that the partial sum process of its Fourier series has 
infinite 2- variation a.e.. In [T2], they generalized the result in to all complete 
orthonormal systems. Both results rely on nontrivial estimates on 2-variation 
of partial sum process of i.i.d. sequences, i.e.[H] and [13]. In this paper, we 
provide a self-contained proof, where we use the upper semi-continuity of cumu- 
lative distribution function of p- variation. This example is constructed without 
knowledge of [B] or [T2], nor the results in [5T] or [IB] . 

Example 24 There exists an L 2 Fourier series with infinite 2-variation almost 
everywhere. 

4 Proof of Theorem [IT] and Theorem [19 

In our proofs, we assume that {u n } is an orthonormal system in L 2 , and {c n } 
is a sequence of numbers. 

Notation 25 Denote the set of integers N := {0, 1,2,...}. 

Definition 26 Interval I is said to be an integer interval, if I = [to, n] for 
m G N, n £ N, m < n. 

If two intervals only intersect on their boundary, then we abuse the notion 
and label them as " disjoint" . 

Since the process we are considering is piecewise linear obtained by interpo- 
lating on integers, we assume that all intervals in finite partitions are integer 
intervals, without decreasing the 2-variation of the path, or 1-variation of the 
area (proved in the appendix). 

Since we do analysis for finite partitions formed by integer intervals, in the 
rest of this section, unless otherwise specified, " / is an interval" means " I is an 
integer interval" . 
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Definition 27 Interval I is called a dyadic interval of level n 6 N, if I — 
[k2 n , (k + 1) 2™] for some k 6 N. Integer m is called a dyadic point of level 
n G N. if m = fc2" /or some fc G N. 

Notation 28 For interval J , denote the level of biggest dyadic interval in J as 
n (J), i.e. n (J) = max{fewe/ of dyadic interval I\I C J}. Similarly, for P G N, 
denote iV (P) := max{n|P = fc2™ for n G N. jfe G N}. 

Thus, 2™( J ) < | J|, so n (J) < log 2 |J|; vV (0) = oo; N (m) > 0, Vm G N. 

Notation 29 Suppose J is a finite interval. Denote the set of dyadic intervals 
which can be fit into J as Bj, i.e. Bj := {I\ interval I is dyadic, and I C J}. 
Denote B 3 j as the set of level j dyadic intervals included in J, i.e. Bj := 
{I\l€B J; n(I)=j}. 

Then two properties of Bj(Bj). 

(i) Suppose {Ik} G Dj (i.e. {p.} is a finite partition of interval J), then Bj ki n 
Bi k = when k\ ^ k%, and 

U fe B Ik C Bj. (15) 
Similar result holds for Bj for any level j: 

U k B\ k C P^. (16) 

Proof. Only prove (TTS"]) ; (ITBl is similar. p. C J so Bj k C Pj. 7 fcl and p 2 are 
disjoint when k\ 7^ fc 2 , so P/ fc n P/ fc2 = 0. ■ 

(m) Let X be the partial sum process of X^^Lo c n u n- Then for any interval J, 

£ /||X w (J)|| 2 M (^)<21og 2 (|J|+l) £ |c fc | 2 . (17) 

/eflj n fc,[fc-i,fc]cj 

Proof. Since each [A; — 1, fc] C J can only be included in one dyadic interval of 
level j , < j < n (J), so in Uj {I\I G Pj} (the union of all dyadic intervals in 
J), [k — 1, fc] is counted at most n ( J) + 1 < log 2 |J| + 1 < 2 log 2 (| J| + 1) times. 
While for any interval I, 



[ \\X 0J (I)f»(du>)= [ \\ Yl c k u k ^)\\ 2 ^(du J )= J2 
Jn Jo. ,. ,. : ,.,,- r . r ,. , ,.1 



_ _ kfc| 2 

'° fe,[fc-l,fe]CJ fe,[fc-l,fc]CI 



so sum over all dyadic intervals I in Pj, 

I£Bj Jn I&Bjk,[k-l,k]C.I 

E #UI[fc-l,A;]C7,7GP J }|c fe | 

fc,[fc-l,fc]CJ 

< 21og 2 (|J| + l) E l^-l 2 ' 

fc,[fc-l,*]CJ 
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The following two Lemmas give a method of decomposing an interval as 
union of dyadic intervals. 

Lemma 30 Suppose J is an interval with one boundary point a level n dyadic 
point k2 n , for some k > ; n > 1, and \ J\ < 2™. Then, J can be decomposed as 
union of disjoint dyadic intervals, in such a way that the level of dyadic intervals 
is strictly monotone with respect to their position in J ( strictly increasing when 
k2 n is the right boundary point of J; strictly decreasing when k2 n is the left 
boundary point of J). 

Proof. Suppose k2 n is the right boundary point of J (result for left boundary 
point can be obtained by symmetry). Translate J by — (k — 1) 2™ (translating J, 
| J | < 2™, by j2 n , j e N, will not affect our conclusion) and assume J = [to, 2 n ] 
for some m > 1. We use mathematical induction on n. As a clear consequence 
of | J | < 2", any dyadic interval in J is of level strictly less than n. 

When n = 1, since | J| < 2", so \ J\ — 1. Thus J itself is a level interval. 

Suppose the result is true for n = I, i.e. for any 1 < m < 2 l 1 [to, 2 Z ] 
can be decomposed as union of dyadic intervals such that their level is strictly 
increasing with respect to their position in [to, 2 l ] . Then we will prove that 
the same statement holds when n = I + 1. Suppose J = [to, 2 i+1 ] for some 
1 < m < 2 l+1 . If to < 2 l , then according to inductive hypothesis, there exists a 
dyadic partition of [to, 2'] = Ufe/fc, such that the level of Ik is strictly increasing. 
In that case, decompose [to, 2 l+1 ] = Uklk U [2 z ,2 i+1 ]. Since each Ik has level 
strictly less than Z, Uklk U [2 ( ,2 (+1 ] is still strictly increasing in their level. 
If to = 2 l , then J is itself a dyadic interval [2 ( ,2 i+1 ]. If m > 2 Z , then by 
translation, use inductive hypothesis on [to — 2 l , 2 l ] , proof finishes. ■ 

Lemma 31 Suppose J is an interval, then there exists a decomposition of J as 
union of disjoint dyadic intervals, in a way that there exists a point P in the 
dyadic partition, such that N (P) > n (J) + 1, and to the left and right side of 
P, the level of dyadic intervals is strictly decreasing. As a result, no more than 
two dyadic intervals of any given level are included, and the number of dyadic 
intervals is bounded by 41og 2 (\J\ + 1). 

Proof. Denote no := n (J) (the level of biggest dyadic interval in J). Then 
there exists at least one dyadic interval of level 77 in J, and there can be two 
adjacent ones, but there can not be more than two of them. If there are two 
no intervals, then they are adjacent, because the gap between no intervals is a 
union of no intervals, so if there were gap between them, there would be at least 
three consecutive no intervals in J (because J is an interval, all intermediate 
intervals are also in J), thus two of them will constitute a level no + 1 interval, 
contradicting with maximal assumption for n . (Suppose the three consecutive 
n intervals are \j2 n °, (j + 1) 2™°], j = k,k + l,k + 2. Then if k is even, the 
first two constitute a no + 1 interval [k2 n °, (k + 2) 2"°]; if k is odd, the last two 
constitute a n + 1 interval [(k + 1) 2™°, (k + 3) 2™°].) Same reasoning applies 
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that one can verify that there are no more than two no intervals in J. In 
this way, we decompose J as union of three intervals: the interval to the left 
of n interval(s), denoted as //; no interval(s); the interval to the right of n 
interval(s), denoted as I r . 

We take // as example. Suppose is not empty. According to the construc- 
tion of it is an interval with right boundary point a n level dyadic point, and 
| J; | < 2™° (otherwise /; contains an no interval — since it shares a no level dyadic 
point with the no interval(s) — contradicting with the construction of //). Thus 
according to Lemma [301 // can be decomposed as union of dyadic intervals, 
whose level are less than no, and strictly increasing with respect to their posi- 
tion in //. Same reasoning applies to I r , i.e. I r can be decomposed as union of 
dyadic intervals of strictly decreasing level, with highest level less than no- Then 
we select P as one of the boundary points of no interval(s). If there are two no 
intervals, then select P as the point which parts them. The reason that these 
two n intervals do not constitute an no + 1 interval is that the point parting 
them is a dyadic point of level n + 1, so N (P) > n(J) + l. ([fc2"°, (k + 2) 2 n °] is 
not a level n + 1 dyadic interval iff k is odd, so 2" 0+1 | (k + 1) 2™°, (k + 1) 2 n ° is 
a dyadic point of level no + 1.) Otherwise there is only one no interval, denoted 
as [k2 n °, (k + 1) 2 n °] (there are no more than two no intervals, as we verified). 
If k is even, let P = k2 n °; if k is odd, let P = (fc + l)2 n °. Then 2 no+1 \P, 
N (P) > n ( J) + 1. In this way, J is decomposed as disjoint union of dyadic 
intervals, s.t. there exists point P 6 J satisfying N (P) > n ( J) + 1, and the 
level of dyadic intervals is strictly decreasing from P to left and right. As a 
result, no more than two dyadic intervals of any given level are included. 

Since 2 n ° < \J\, so no < log 2 \J\. In our decomposition there are no more 
than two dyadic intervals of any given level, with highest level no, thus the num- 
ber of dyadic intervals is bounded by 2no + 2 < 21og 2 | J\ + 2 < 41og 2 (| J| + 1). 
■ 

Remark 32 Since the level of dyadic intervals to the left/right of P is strictly 
decreasing and X)fe=o ^ k = 2" — 1 (thus one can not get new dyadic interval 
through union), one can check that, the decomposition will be the same, if one 
repeatedly cut out the biggest dyadic interval available in J . 

Definition 33 Suppose 7 : [0,oo) — > (V, ||-||) is continuous, and {£n}^L * s a 
sequence of strictly increasing positive real numbers satisfying lim I1 _ i . 00 t n — 00. 
Then we say 7 1 is the path which coincides with 7 on {t n } and linear in between 
and denote 7 1 = L (7, {t n }), if 7 1 (t) — 7 (to) on t g [0, to], and for any n G N. 

1 / /\ 7(WiHW, , t n+1 j(t n ) -t nl {t n+1 ) 
7 (*) = — 7 —t 7 —7 ,t e [t n ,t n+1 \. 

Suppose X is a process defined on (fijJ 7 ,^) taking value in (V, |j-|j), and 
indexed by [0, 00). Then we say X 1 is the process which coincides with X on 
{t n } and linear in between, and denoted as X 1 — L (X, {t n }), if for any uj G Q, 
X^uj) =L(X{u),{t n }). 
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Lemma 34 Suppose 7 : [0, 00) — > (V, ||-||) is a continuous path, and {i n }^Lo 
is a sequence of strictly increasing positive numbers satisfying lim„_ i . 00 t n = 00. 
Let 7 1 = L (7, {tn}), then 

00 

h\\l — var — 3(||7lla -var,[0,t ] II 2— var + EW2 

n=0 

Proof. For any finite interval [s,t] C [0, 00), if there exists k < I, s.t. s < % < 
ti < t. Then 

b(M)|| 2 < 3 (\h(s,t k )\\ 2 + || 7 (^)|| 2 + ||7(t ; ,t)H 2 ) • (18) 

In this way, we cut out those long intervals [ti,tk] which contents no partition 
points, and divide [s,t] which contents one tk into two. Therefore, for any fixed 
finite partition {[sk, Sk+i)} k G D [o,t N ]i apply (HI]) to each [sk, Sk+i], sum over k, 



iV — J 

El|7(s fe ,s fe+ i)|| 2 < 3(||7llL™ r ,[o, t o] + h 1 |lL™r,[o, tjv ]+II 



N-l 

II7II2— var,[t n ,tn+l] 

n=0 



Take supremum over all possible finite partitions of [0,tjv], and let N tends to 
infinity. ■ 

Lemma 35 Suppose 7,7 2 : [0, 00) — > (V, ||-||) are of locally bounded variation, 
and there exist c G V and a sequence of positive strictly increasing numbers 
{i n }^L satisfying lim„_ s . 00 t n = 00, such that j 2 (t n ) = c, Vn G N. Then if 
denote 7 1 := 7 — 7 2 , we /icwe (denote A := A (7), A 11 := A (7 1 ) 

mill-«or - ll^lll— var,[0,to] + 2 IHb-uar 
00 

+ 2 J2W A Wl-var,[t n ,t n+1 ]+ 2 ^P E II^M* 

n fc i ^n fc+ i J || • 

n=0 {" fc l n fc <n fc+1 

Proof. We estimate || A\\ x _ var jo,*,,]! N > 1, by inserting partition points 

{t n } n=0 into any finite partition of [0,fj\r]. Fix {[s/c, Sfc+i]} G D[ tN ]. If there 
exist integers m, ri2, such that s k < t ni < t ri2 < Sk+i- Then 

\\A(s k ,s k+1 )\\ 
< \\A{s k ,t ni )\\ + \\A(t ni ,t n2 )\\ + \\A(t n2 ,s k+1 )\\ 

+2 || 7 (s k ,t ni )f + 2 || 7 (t ni ,t n2 )\\ 2 + 2 || 7 (i„ 2 , Sfe+1 )|| 2 
5: ||^4 (sfc, i ni ) II + II A (t ni , t ri2 

In this way, we cut out those big intervals [t ni , t n2 ], n± < 712, which have no par- 
tition points, and divide [sfc, Sfe+i] which contains one t n into [sfc, t n ] U [i„, Sfc+i]. 
Therefore, apart from intervals in the form [t ni ,t n2 ], we have three kinds of 
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intervals: [sfc,£ ni ], [sk,Sk+i] and [i„ 2 ,Sfc+i], each of which is included in some 
[t n ,t n+ i]. Thus 



N-l 



MIL — var,[0,t]y] — var, [0,io] — war, [t n jt^^-i] — var. [0,tjv] 

+ sup ^ ||^(i„ fc ,i„ fc+1 )|| . 
{n*},n h <N nk<nh+1 

Take limit AT — > 00 on both sides, we get 

00 

WMl-var < Pill — var,[0,to] + 2||7ll2- W r ( 19 ) 



sup E ||A(t„ fc ,f 
{"fel n fc <n fc + i 



ra=0 



Denote ^ n - c := A- A l \ so || A (i„ fc ,t„ fc+1 ) || < ||^ n ' c (^ fc , ) || + || A 11 (t nk ,t nk+1 ] 
Since 7 2 = c, Vn e N, we know (identity flTDJl at rJBJ, 



so 



sup K 1,C (*»*'W)II <J2\\ All ' c ^^\ 

{ n *d n k <n k +i n=0 

Use ^"'"(tn.tn+i)!! < \\A{t n ,t n+1 )\\ + ViA 11 (t n ,t n+ i)\\, we get 



sup E ||^ 11,c (* 

)|| < E H A (*n>*n+l)ll +E ll^ U ■ 
{™*d n k <n k + 1 n=0 n=0 

Thus, sup ^ ||-^(*n h )*T» fc+ i)|| 

{"*} n k <n k + 1 
00 00 

< eii^^'^+^ii+EII^^'^+^II + ^p E K 1 

n=0 n=0 'f nfc J' n fc <n fc + i 

00 

< EH A Hi-<WW»+i] +2 sup ^ ||A n (i 

n=0 {™fc} ni,<nfc + i 

Combined with (fTT)|) . proof hnishes. ■ 

Corollary 36 Suppose X is a process defined on (f2, J 7 , /x) taking value in 
(V, ||-||), <™rf indexed by [0,oo). Further assume that X u € EVhocai a - e - with 
A:= A {X), and X 1 = L {X, {*„}) (Definition^ with A 11 := A (X 1 ). Then 
if [X , A 11 ) is a 2-rough process, (X, A) is a geometric 2-rough process provided 



00 

E (}\ XuJ \\2-var,[t n ,t n+1 ] + var,[t n ,t n+1 ]) 



< 00, a.e.. 



n=0 
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Moreover, 

UX-varHW < 3 < £ll^Ha-«-r J [0 1 to]/ i ( dw ) ( 20 ) 

oo „ _ 

+3^ / IML uar>[tn , in+l] M^) + 3 / ll^H^/i^), 



IKIIl-*ar < / IIA-ll 1 - w ,[0,t ]/*( dw )+ 2 / II^Ha-var/*^) ( 21 ) 

00 „ « 

n=0 Ja Jo 

Proof. Since X^ is of locally bounded variation a.e., thus if (X, A) is a 2-rough 
process, (X,A) is a geometric 2-rough process. X 1 = L(X,{t n }), so for each 
uj G SI, \X U — X*) (i n ) = 0, Vn € N, and the rest of this corollary follows 
trivially from Lemma [34] and Lemma 1351 ■ 

The following Lemma works in the same spirit as the Lemma used in the 
proof of Menshov-Rademacher theorem, but replace oo-variation by 2-variation. 

Lemma 37 Suppose X is the partial sum process ofJ2k=o CnUn ' then, 

„ n 

/ ll^llLwo.n] A* (*o) < 8 (log 2 (n + l)) 2 ]T 
Jn fc=i 



|Cfe| 2 ■ 



Proof. Suppose interval J C [0,n]. By Lemma |3~TI decompose J as union of 
disjoint dyadic intervals, denote them as If., I < k < I, with I < 41og 2 (| J\ + 1). 
Bj is the set of dyadic intervals included in J (Notation |2"5)) . If. are disjoint as 
k varies since {Ik} is a finite partition of </, and each i/. is a member of 

so ELi ( J fe)l| 2 ^ E/eBj ll^w (-Oil 2 for each ^ G ^- Then using Cauchy- 
Schwarz inequality, we get 



|^(J)|| 2 = \\j2x u (I k )tf<lj2\\X u (I k )\\ a (22) 

k=l k=l 
I 

< 41og 2 (|J| + l)]T||^(/ fc )|| 2 <41og 2 (n+l) £ ||X W (/)|| 2 . 



fc=i ieB.j 



Suppose {Ij} € f[o,n] (the set of finite partitions of [0, n]). Use (f2"2")l for each 
Ij, and UjBij C -B[o jTl ] (according to (fT5|) ). 

ll*"llL„.r,[0,»] = SU P EH X -^)l| 2 ^ 41 °g2(«+ 1 ) E II^WII 2 ' 
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Integrate both sides, and use property at (IT71) . i.e. J2 IeB } J n \\X U (I)\\ 2 \i iduS) < 
21og 2 (n + 1) J2k=i l c fc| 2 > we S et 



/ ll^lla-.anlo.n] M (dw) < 8 (log 2 (n + l)) 2 ^ 



M 2 ■ 



This inequality is interesting when taking into account that: (p255[in]) there 
exists Co > such that, for any n > 1 there exists an orthonormal sequence 
{(/3 fc }^ =1 on (0, 1), s.t. the partial sum process X n of Y^k=\ <fik satisfies 

P(\\X n \\^ var >c a log 2 n)>± 

The following result is proved in |12j . we put it here for completeness. 

Lemma 38 The partial sum process of^2 n c n u n (denoted as X) is of finite 2- 
variation a.e. for any orthonormal system {u n } in L 2 and any sequence of num- 
bers {c„} satisfying J2 n (l°g 2 {n + 1)) \c n \ < oo. Moreover, (log 2 (n + 1)) can 
not be replaced by o ^(log 2 (n + l)) 2 ^j and 

« oo 

/ UX-var H < 36 E ( l0 S2 (« + I))' M 2 • (23) 
Jn n=0 

Proof. Since 11-^0) II oo_t,or - ll-^Jb-Baf Vw e ^' so Dased on Menshov- 
Rademacher Theorem (Theorem we only have to prove (|2"3"|) . Define process 
X 1 :=L(X,{2 n }) (Definition [531. then according to (gDJ in Corollary[Ml 



\\Xu\\ 2 ^ var fJ-(du}) < 3 J \\X u \\ 2 _ var [01] fi(duj) 

OO n p 

+ 3 H / II^J 2 -™r,[2",2" + i]M(dw)+3 / II^IlL™,-^ 

While if denote / as the limit function (according to Menshov-Rademacher 
theorem, / (uS) — lim n _ i . 00 X^ (n) exists a.e., set / (w) = elsewhere), we have 

|2 



/ H^illLarM(^) = /sup^||^(2"^)-^(2" l '=)|| J /M^) 

„ oo oo 

< 2 / ^||X W (2")-/H||V(^) = 2^ ^ 

^ n n=0 n=0 k>2 n - 

oo 

< 4^(log 2 (n+l)) 2 |c„| 2 , 



n=2 



where in the last step, we used that, when n > 2, log 2 2 [n— 1) < 21og 2 n < 
2 (log 2 (n + 1)) . Since J Q H^wlla-wirjo,!] V 1 (^ w ) — l c il > combined with Lemma 
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[37]for estimation of ||X w || 2 _ var j 2 „ 2 „ + ii, n > 0, proof finishes (3 x 8 + 3 x 4 = 36). 
■ 

We will use this lemma in the proof of Theorem [17] 

Proof of Theorem 1171 Denote the partial sum process of X^^Lo c n u n as X, 
and A := A (X) as the area process of X (Notation MS]) . Since H^wHo^^ < 
||X w || 2 _ uar , Va; € ft, so based on Menshov-Rademacher Theorem (in f[3]), we only 

need to prove J Q H^llL^ar+ll^lli-^ar V ( duJ ) < 768£^ =0 (log 2 (n + l)) 2 |c„| 2 . 
While J n \\X u \\ 2 _ var [i (du) is done in Lemma I3"51 so we concentrate on 1- 
variation of area. Denote X 1 := L (X, {2™}) (Definition [33]) and A 11 ;= A (X 1 ), 
then use (|2"T]) in Corollary [36] 

IKIk-^fdw) < 2 / ||X w ||^ orM (A i ;)+ / ||^,|| 1 _™ ro ,iiA*(dw) 



2 E / ll A -lll^ar,[2',2' + 1 ]M(^)+2 / ||A 

i=0 Jo 



ii l| 

1 1 — var 1 



Since X u is linear on [0,1] and [1,2], so ||Atf|li_ vor ,[o,i] = II^Mi-«ar,[i,2] = °> 
G f2. Thus, we are done if we can prove 



2 



1+1 



/ IIA ) || 1 _ W2J , 2!+1] M<M<10 E (log 2 (« + l)) 2 |c„| 2 ,V?>l (25) 

Jn n=2' + l 

and 

\A l u %_ var n(cL>) < 32^ 2 £ (log 2 (n + l)) 2 |c„| 2 . (26) 



/ 



n=0 



(vr 2 < 10, 2 x 36 + 2 x 10 + 2 x 32tt 2 < 732, 732 + 36 = 768.) 
In the following, we do analysis for fixed we!!. 

Using multiplicativity of (X w , A u ) (identity ([7]) at p[5]), for any finite interval 
/ and any disjoint decomposition {7i, J 2 } € -D/, we have 

\\A U {I)\\ < \\A U (h)\\ + \\A U (I 2 )\\ + \\X U (h)\\ \\X U (I 2 )\\ ■ 

Therefore, for A u on dyadic interval I = \m2 n , (m + 1) 2™ +1 ] , repeatedly 
bisecting / down to level dyadic intervals on which X u is linear and the area 
vanishes, we get (Bi is the set of dyadic intervals included in /, Notation [ 



\\A U (I)\\ = ||A w (m2",(m + l)2" +1 )|| (27) 

n-1 2"~ J '-1 

< ^ ^ ||X w ([™2™ + fc2-'',m2™ + (fc + l)2J])|| 2 

j=Q fc=0 

< Yl w x ^n\\ 2 - 

i'eBi\{i} 
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7' € Bi\ {7} is because we sum over level j dyadic intervals in 7, < j < n— 1, 
while 7 is a level n dyadic interval, so I itself is not included in the summation. 
This estimation of A u on dyadic interval will be used repeatedly. 

For interval J which is not dyadic, decomposing it as union of dyadic in- 
tervals {IkYk=i by Lemma [211 then I < 41og 2 (\J\ + 1). We estimate A^ (J) 
by successively removing points from the dyadic partition from the right to left 
according to their position in J. Suppose {Ik}k=i ' 1S arranged in an increasing 
order according to their position in J, then the accumulated error incurred to 
\\A U (J)|| from removing point between Ik and U^ =fc+1 7j, 1 < k < I — 1, is 
bounded by 

l-i i-i 

^||X u (7 fe )||||X w (u^ =fe+1 7 j )|| <^(/-fc)||X w (7 fe )f (28) 

k=l fc=l 
l-l I I I 

+E E ii^(/,)ii 2 </Eii^^)ii 2 ^ 41o &(i^i + i)Eh^^ 

k=lj=k+l fe=l fc=l 



f 'j|| 2 • 



After removing all dyadic partition points from J, we are left {7k},*. Thus 

i i 

IK (J)|| < E 114, (4)11 + 4io g2 (I J| + 1) J2 II*" (^)ii 2 • 

fe=l fe=l 

While apply ([2Tjl to each 7^, and use L_l z fc=1 {7^} C u' fc=1 B/ fc C Bj (since 7^ are 
dyadic and {Ik\k=i 1S a finite partition of J, use (|15|l). 

Eiia,(4)ii<e E ii^( 7 )f< E ii^wii 2 - 

fe=i k=iieB Ik ieB., 

Therefore, |K (J)|| < ^ (7)|| 2 + 41og 2 (| J| + 1) ]T ||^(7)|| 2 . (29) 
ieB., ieB,, 

Thus, suppose {7j} € 7)r 2 i i2 i+i], 2 > 1, use (|29| for each 7j, and \JjBj, C 
EII^(^)II<E( E ll^(/)H 2 +41og 2 (|7,| + l) ^ ||^(7)|| 



< ||^(7)|| 2 +41og 2 (2 ; + l) \\X»Wt 

<51og 2 (2< + l) ^ ||^(7)|| 2 . 



/6 - B [2',2i + l] 



H4J 1 _„ ar , [a «, a . + i ] = sup 53|K(7 i )||<51og 2 (2' + l) ^ ||A^(7)|| 
tt} el V,2i+i] j /eB [2! 2 , +1] 
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Integrate both sides, use (IT71) . i.e. 



£ f ||^.(/)||V(^)<21og 2 (2' + l) ^ 
/es [2 i i2i+ i, n fe=2'+i 



|2 

Cfc 



and log 2 (2 l + l) < log 2 (fe + 1) when fee [2 Z , 2 /+1 ] , we get 

2 i+i 

/ II^Ul-^or.PM'+i]/*^) < 10 (log 2 (2' + l)) 2 £ | Cfe | 2 (30) 



fc=2' + l 

2 ;+i 

< 10 E (log 2 (fc + l)) 

fc=2' + l 



2 I ,2 



Then, what left is the estimation of the long-time behavior, i.e. (j2l?)) about 
A}} := A (Xl). Based on the definition X 1 := L (X, {2™}) at the beginning of 
the proof, if denote 



2 n + l 

E 

fc=2" + l 



CfcUfc (w) 

H= >, / 2 „ +1 2 =andb» = 

Efc=2"+ll C fcl > 



2 »+i 

|2 



E i^i 2 - ( 31 ) 

fc=2"+l 



Then {w„} is an orthonormal system in L 2 , and X 1 is the reparametrised partial 
sum process of J2 n bnV n . 

Notation: Denote the partial sum process of bnV n as Z, A z := A (Z). 

Since 1-variation is invariant under reparametrisation, so our aim is to prove 
/n ll^w Hi- ^ — 327T 2 ^^ 1 ?i 2 |6 n | 2 , which is actually a modest version 

of our theorem {Y^Li n 2 \b n \ 2 < J^^o ( lo S2 ( n + l )f \ c n\ 2 )- 

Suppose J is an interval, we decompose J as union of dyadic intervals by 
Lemma [31] with small modifications: if [0,2™], n > 1, appear according to 
Lemma l3T| decompose it as [0,1] U U^ >1 [2 fe_1 ,2 fc ], which does not affect the 
statement that there are no more than two dyadic intervals of the same level in 
our decomposition for any level n > 1, but it does affect level with one more 
possible copy. The reason is that, if the interval [0, 2 n ] does appear in our decom- 
position, then it must be at the left most of some interval in the finite partition. 
According to Lemma 1311 in our decomposition, the level of dyadic intervals is 
strictly decreasing from biggest dyadic interval(s) to left/right. Therefore, since 
[0,2™] is at the left most, replacing [0,2™] by U"> x [2 k - 1 ,2 k ] = [1,2™] does not 
affect the monotonicity of dyadic intervals (the level of [2 fe_1 , 2 fc ] , 1 < k < n, is 
strictly increasing and less than n), thus does not affect the fact that there are 
no more than two dyadic intervals of any given level. However, we are left with 
[0, 1], so one more possible level interval. 

Having fixed the dyadic partition, we estimate \\A% (J) for interval J by 
systematically removing dyadic partition points from J. We will first remove 
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the point which define the biggest dyadic subinterval, and kill subintervals level 
by level, from high to low. We will not touch end points of dyadic intervals of 
certain level until all the dyadic intervals of higher levels disappear. In this way, 
the bigger dyadic subintervals merge into one, and absorb the smaller intervals 
as the process goes. 

Denote the dyadic partition of J as {Ik}k=i ( as we specified, [0,2™], n> 1, 
is not a member of {Ik})- 

For fixed k, 1 < k < I. If we remove one point which parts our merged big 
interval Jk and dyadic interval Ik, then the change is bounded by 

\\Z U {Jk)\\ \\Z U (/ & )|| < \ (||Z W (J fc )|| 2 + \\Z U (Ik)\\ 2 ) ■ (32) 

Denote the level of Ik as n(Jfe), then according to the way we remove points, 
Jk C Ui {I i \I l £ {h} , n (Jj) > n (h)}- Use Holder inequality, 

||^(J fe )|| 2 <3( ^ 77^772] f E (^ + 1 ) 2 E W 

\i>n(/ fc )U + 1 J y \ J >„(/,) n(/ s )=J 

There is a 3 came out because there is no more than three dyadic intervals of the 
same level in our decomposition, so no more than three copies of(j + l) in the 
summation. When we removed all dyadic partition points from J, li € {Ik} is 
counted in U l k=1 Jk at most # {j\Ij € {Ik} , n (Ij) < n (Jj)} < 2n (/,) + 3 times, 
where we used the fact that there are no more than 2 intervals of level n for any 
n > 1 in our decomposition, and no more than 3 intervals of level 0. Therefore 

Ell^(^)l| 2 ^ 3 (E^) (E^' + 1 ) 2 E #{fc|n(fc)<n(/ l )}||^(/0l| ; 
fc=l \n=l / y>0 n(-Ti)=j 

(33) 

J>0 n(U)= 3 

After removing all the partition points, combining the estimation of the on 
dyadic interval Ik (i.e. ([27])), the error produced by removing points from dyadic 
partition (i.e. (j32|) and (|33|0 . we get 

IK ( J )ll <EK + 5 E (^)n 2 + \ E (^)n 2 ( 34 ) 

fe=i fc=i fc=i 

i / 2 oo 

<E E ii^(/)ii 2 +eii^(4)ii 2 + ^eo' + 1 ) 2 ( 2 j+ 3 ) E w z - 

k=HeB Ik \{I k } k=l j=0 n(/i)=j 

=E E HM^ii 2 + yEC7+i) 3 (j + !) E ii^wf, 
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where {4} is are dyadic, so U k (B Ik \{I k }) U k {I k } = U k B Ik . 

Recall Bj is the set of level j dyadic intervals included in J as defined in 
Notation (2H in dTUl with property (ITB1) : If {I k } is a finite partition of J, then 
for any level j > 0, U k B J Ik C Bj. Moreover, if I k are all dyadic, then 

{I k \n (J fc ) = j} C u fe B /fc C B^. (35) 

As we modified the dyadic partition of J, {Jfc} does not include [0, 2 J ] , 
j > 1. Thus, U k B Ik does not include [0,2-?], j >l (otherwise if [0,2 j ], j > 1, 
is included in Bj k , so [0,2 J ] C I k = [0,2^ ] for some f > 1 since I k is dyadic, 
contradictory with our modification). Then in addition to (|35[) , we have 

{ifc|n (h) = j} C U fc B /fc C fl^\{[0, 2 1 ']} when j > 1. 
Continue with (E„(/ fc )=3 (/fe)l ' 2 - SieBj\{[o,2i]} 11^ U)l| 2 , J > 1) 

IK(j)ll < (^ 2 + i) E ii^wii 2 ( 3fi ) 

+e(^+ i ) 2 M) +1 ) e ii^oh 2 

oo 

< e n^(/)ii 2 +- 2 E^ + 1 ) 3 E ii^wii 2 . 

/6B° 3=1 l£B j ,\{[0,2i]} 

where in the last step, when j > 1, ^ (j + l) 2 + 1 < ^ (j + l) 2 < ^ (j + l) 3 . 
Suppose {I m } m=1 £ -D[o,2 N ]: apply (|36j) to each J m and use (property (fl6|) ) 
U m ^ m C Bf 2N] ,0 <j < N 
(any dyadic interval in [0, 2 N ] is of level less or equal to N), 

M M N M 

£114? Ml < - 2 E E n^wf+^EO'+ifE E iim*)ii : 

m=l m=l/ eB o^ J = i m= i / eB i \{[o,2J']} 

JV 

< . 2 x: n^(/)ii 2 + 7 r 2 E(j+ 1 ) 3 e n^( j )ii 2 

/SS [0,2«, J = 1 l6^ o3N] \{[0,2i]} 

jV-1 2 N - ] -l 

= 7r 2 ||^([0,l])|| 2 +7r 2 ^( J + l) 3 ^ ||Z u ([fc2^,(fc + l)2^])|| 2 . 

3=0 fc=l 

where 2 «] = {[0)1]} u I -^[o 2* r ]\{IP> ■*-]}}• Take supremum over all finite 
partitions and integrate 



L 



N-l 2™ 

w II l-t;ar,[0,2 N ] ' 



^lli^, [ o,2«]^(^)<^i^ii 2 +^ 2 E^ + 1 ) 3 E i c < 
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Take limit TV — > oo and use Fatou's Lemma, 



r r 00 

/ \\AlX_ var ^(du) = / ||ylf|| 1 _ Mr/ i(da;)< 7 r 2 |6x| 2 + 7r 2 ^(j + l) 3 £ |6„| 2 

^° i=0 n>2J + l 



00 /[log 2 (n-l)] \ 
n=2 \ j=0 / 

When n > 2, log 2 (n - 1) + 1 < 21og 2 n, and (log 2 n) 4 < 2n 2 , so ^° s 2( ™~ 1)] (j + l) 3 < 
(log 2 (71 - 1) + l) 4 < 16 (log 2 nf < 32n 2 . Hence, using \b n \ 2 = Efc=2»+i l c fc| 2 > 

„ OO OO 

/ \\Al%_ var fi (dw) < 32^ 2 £ n 2 16„| 2 < 32tt 2 £ (log 2 (n + l)) 2 |c„| 2 . 

ra=l n=0 

(37) 

Therefore, combine (|2"^1) . (j3"0)) . (j3"7) and Lemma |3"5I use Fatou's lemma, we 

get, 



4*\\i- var nidu) (38) 

OO p „ 

< 253/ |K|| 1 _ t)or , t2 „ i2 „ + i]M(^) + 2/ Kl^ + ll^lla-^A*^) 

OO OO 

< 2 (10 + 32vr 2 + 36) £ (log 2 (n + l)) 2 |c„| 2 < 732 ^ (log 2 (n + l)) 2 |c„| 2 . 

n=0 n=0 

As a result, we proved 

||X tt || 0(a ,M(dw)= / \\XX-var /*{<*")+[ ll^llr-^M^) < 768^(log 2 (n+l)) 2 | Cn | 2 



Remark 39 Suppose and are as defined in the proof above. One can 
check that for any (s,t) £ Aro l00 ) an d an U w £ 

^t) + ^(X u (t)-X u (s)f 2 



dX u (m) ® dX^ (u 2 ) - dX u (u 2 ) 53 dX u (ui) 

S<«1<«2<* 

dX^ (mi) ® dX w (u 2 ) + dX w (tt 2 ) ® dX w (u x ) 

S<J11<"2« 



ciXo, (u x ) <g) cZX w (u 2 ) := ( / dX w ® dX* ) (s, t) , 

S<Mi<«2<* 
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which is a function on A[o )00 )) we call the "second iterated integral" of X L 
Thus 

\\^\\l-var 

Therefore, use (Iff&p in Theorem \17\ and Lemma \38l we get 

oo 

H(du) < 750^(log 2 (n+l)) 2 |c„| 2 . 

l-var n= o 

Then {(log 2 (n + l)) 2 } is also a Weyl multiplier for the second iterated integral 
of partial sum process to have finite variation a.e.. 

The following decomposition is used in Theorem 16 [12j to prove the first 
part of our Theorem 1191 (finiteness of 2- variation of partial sum process). 

Lemma 40 Every non- dyadic interval J can be decomposed as disjoint union 
of two intervals of positive length J = J 1 U J 2 , such that there exist two disjoint 
dyadic intervals 1\ and I2, satisfying J 1 C P and J*| > | I P\, i = 1, 2. 

Proof. First suppose that K is such an interval, that it can be decomposed 
as disjoint union of dyadic intervals which are strictly monotone in their level, 
with biggest dyadic interval 7„ of level n. We want to find a dyadic interval 7, 
s.t. K C I and \K\ > i |7|. If K = 7„, then 7„ is the dyadic interval we want. 
If K 7^ 7„, then 7„ is a strict subset of K . Since the dyadic intervals in K are 
strictly monotone in their level, with 7„ of level n the biggest dyadic interval at 
one end, so K\I n is an interval satisfying |7C\7 n | < YZ=l 2& = 2 " _ L Thus > 
K\I n is contained in another level n dyadic interval (denoted as I' n ), because 
K\I n shares a level n dyadic boundary point with I n . Therefore, if /„ U I' n 
constitute a level n + 1 interval (denoted as I n +\), then K is included I n +i, 
and \K\ > \I n \ — | |7 n +i|- While the condition for /„ U I' n constitute a level 
n + 1 dyadic interval is that the boundary point of /„ which it shares with 
K is a n + 1 level dyadic point. Thus, suppose K is not dyadic, but can be 
decomposed as disjoint union of dyadic intervals which are strictly monotone in 
their level. Then if the boundary point of K which it shares with its biggest 
dyadic subinterval (of level n) is not only a level n point, but also a level n + 1 
dyadic point, then there exists dyadic interval I, s.t. K C I and \K\ > 1 17|. 

Suppose J is decomposed by Lemma |3"T1 then we select a point in the dyadic 
partition of J which part J 1 and J 2 , such that J 1 and J 2 are in the form of K 
we discussed above (i.e. satisfies either CI or C2, where CI: dyadic; C2: (1) 
the level of dyadic intervals changes monotonically, and (2) the boundary point 
which it shares with its biggest dyadic subinterval (of level n) is not only a level 
n dyadic point, but also a level n + 1 dyadic point). According to Lemma 1311 
there exists a point P in the dyadic partition of J, s.t. N (P) > n (J) + 1, and 
the level of dyadic interval to the left and right side of P is strictly decreasing. 
Thus, if P divides J into two intervals with positive length, then we select P 
as the point parting J 1 and J 2 and both J 1 and J 2 satisfy C2(l) and C2(2). 



dX,, (8) dX u 



1 —Dar 



<- 2 \\x. 



2 

I 2— var 



In I 



dXu <g) dX u 
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While if P is a boundary point of J, then the level of dyadic intervals in J is 
already monotone. Denote the biggest dyadic interval in J as 7„ (of level n), 
and we select the other boundary point of /„ which divides J into two intervals 
of positive length: I n and J\I n . I n is dyadic so satisfies CI. J\I n is union 
of monotone dyadic intervals, so satisfies C2(l); the biggest dyadic interval in 
J\I n is of level less than n, but shares a level n boundary point with I n , so 
J\I n satisfies C2(2). ■ 

Remark 41 As we selected, the point in J dividing J 1 and J 2 is one of the 
boundary points of biggest dyadic sub-interval(s) of J, and the level of dyadic 
intervals is strictly decreasing to left and right side of this point. 

Corollary 42 Suppose J is a non-dyadic finite interval, and J is the union of 
dyadic intervals which are strictly monotone in their level, denoted as {ifc}fc =1 - 
If we bisect J = J 1 U J 2 according to Lemma and continue to bisect non- 
dyadic J 1 and/or J 2 , so on and so forth, until all intervals left are dyadic. Then 
the dyadic intervals left are {ife}t =1 ■ 

Proof. Suppose Ik are arranged in an increasing order according to their posi- 
tion in J, and the level of Ik is strictly increasing (the decreasing case is similar) . 
Then I n is the biggest dyadic interval, which shares the right boundary point 
with J. Thus according to Lemma 1401 the point inserted is the other boundary 
point of I n , which cuts I n out from J. Since /„ is dyadic, we continue to bisect 
Ufc~,7fe, which is the same as J that it is composed of dyadic intervals which are 
strictly increasing in their level, so bisecting UjJ~-, ifc is to cut I n -i out. Con- 
tinue this process, cut Ik out one by one. Therefore, when the bisecting process 
finishes, we are left with dyadic intervals {IkYl—i- ■ 

Lemma 43 Suppose J is an interval. If we bisect J = J 1 U J 2 according to 
Lemma \4@l and continue to bisect non-dyadic J 1 and/or J 2 , so on and so forth, 
until all intervals left are dyadic. Then the dyadic intervals left constitute the 
dyadic partition of J by Lemma \31\ 

Proof. Suppose the dyadic partition of J by Lemma 1311 is {7fe}fc_i, where Ik 
are arranged in an increasing order according to their position in J. Denote P 
as the point bisecting J = J 1 U J 2 by Lemma l40l Based on Remark |4T1 P is one 
of the boundary points of some Ik, 1 < k < n, and the level of dyadic intervals 
to the left and right side of P is strictly decreasing. Since {Ik}k=i is a finite 
partition of J, so J 1 and J 2 are union of J^s: there exists m, 1 < m < n — 1, 
such that J 1 = U^Lj/fe and J 2 = U^ =m , x Moreover, the level of Ik is strictly 
increasing from k = 1 to k = m, and strictly decreasing from k = m + 1 to 
k = n. Thus based on Corollary |42l the dyadic intervals we got after repeatedly 
bisecting J 1 and J 2 are {/fc}™ =1 U {h}k= m +i = {-^}fc=i> which is the dyadic 
partition of J in Lemma l3"Tl ■ 

Before proceeding to the proof of Theorem[19l we define Bj for finite interval 
J as the set of dyadic intervals which contain " part" of J. 
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Notation 44 Suppose J is a finite interval, denote 

Bj := is dyadic, |Jn J| > ^ |J||. (39) 
Four properties of -Bj: 

(0 C Bj. 

Proof. Recall Bj is the set of dyadic intervals included in J. Suppose I 6 B./, 
then J is dyadic and I C J, so |J n J| = |/| > | |J|, I € Bj. ■ 

(m) when J is dyadic, Bj = Bj. 

Proof. For two dyadic intervals, either one is wholly included in another, or they 
are disjoint, bar boundary points. Thus, suppose J and / are dyadic intervals 
and \InJ\ > 0, then either I C J, or J C I. If I C J, then I £ Bj C Bj. 
If J C I, and I e Bj, then |J| < |J| < 2 |J n J| = 2 |J|, which is not possible 
since / and J are dyadic. Therefore, when J is dyadic, Bj is the set of dyadic 
intervals included in J, thus coincides with Bj. ■ 

(Hi) If J' C J, then Bj, C Bj. 

Proof. Suppose I e B//, then \IDJ\> \lnJ'\ > \ \I\, so I € Bj. ■ 
(iv) Suppose {Ik} is a finite partition of J, then UfcB/ fc C B,/. 
Proof. B/^ C Bj is from third property. If I € Bj fc n Bj fe2 , fci 7^ fc 2 , then 

l^n/fcj > |(in/ fel )n(ini fe2 )| 

= |/n/ fel | + |/n / fc2 | - \(i n / fel ) u (/ n h 2 )\ 

> \\i\ + \\i\-\i\ = o, 

contradictory with that Ik are disjoint since {Ik} is a finite partition of J. ■ 
Proof of Theorem [TH Denote the partial sum process of J2 n 

X, and 

A := A(X). Denote X 1 := L (X, {2"}) (Definition [32]), and A 11 := A(X^. If 
let 

2 n + l 

c k u k (w) 



/ \ c k u k \yj 

Vn ^> = 2- / 2 „ +1 = > 6 « = \ ^ 

'Efc=2" + 1 \°k\ \ k=2" + l 



fc=2" + l 



2"+i 



E m 2 



then X 1 is reparametrised partial sum process of X^^Lo bn,v n - Since being geo- 
metric rough process is invariant under reparametrisation, according to Theorem 
[T71 X 1 is a geometric 2-rough process when ^ n>0 (log 2 (n + l)) 2 \b n \ 2 < 00. On 

the other hand, (use (log 2 (n + l)) 2 < 2n, Vra G N) 



(Iog a (n + l)) 2 |6„| 2 < 2 £ n |6„| 2 < 2 ]T log 2 (n + 1) |c 

n>l 



25 



Thus when ^°&2 ( n + 1) l c «| 2 < °°j X 1 is a geometric 2-rough process, and 
(according to Theorem [T7|) 

oo 

/ ll^illLor^^) ^ 72^1og 2 (n + l)|c„| 2 , (40) 
/ \\Al%_ vart i(du) < 1464^1og 2 (n + l)|c„| 2 . 

Jn n=0 

Therefore, if we can prove that for any n > 1, 

2 n + l 

/ ll-Ma- O T,p»,2»+*]M(d<«0 < 4C E log 2 (^ + 1) |c^| 2 , (41) 

2™ +1 

/ IIA,|| 1 _ tlor ,pn, 2 » + i ] M(dw) < 2(C+1) £ loga(*+l)l 

*■* i2 J. tin i 1 



Cfe| 2 . 



fe=2" + l 

Then according to Corollary I3U (in r JT4")) , 



< 9| Cl | 2 +9| C2 | 2 + / 9\\X^l var +2\\Al\_ var ^) 
Jn 

oo „ 

E / 9 ll^llL t ,ar,[2",2" + i] + 2 P"lll-™r,[2",2"+i]^(^)- 



n=l ° 

Substitute in (gDJ and (gTJl, we get 



/ UX-var + \\M\x-var » < (3580 + 40C) £ log 2 (« + 1) |c„| 2 , 

where 3580 + 40C = 9 x 72 + 2 x 1464 + 36C* + 4 (1 + C). Thus, if the two 
inequalities in (j4Tj) are true, then (X, A) is a 2-rough process under the condition 
S^Lo 1°§2 ( n + 1) I c n 1 2 < 00 , and a geometric 2-rough process since X is of 
locally bounded variation. Therefore, in the following, we concentrate on two 
inequalities in (|4"Tj) . 

Suppose we are working on [2™, 2™ +1 ] for some fixed integer n > 1. 

For any fixed finite partition D = {[m^, TOfc+i]} fc of [2™,2 n+1 ], denote the 
dyadic intervals in D as {Ij} (i.e.fmfe, which are dyadic), denote the non- 

dyadic intervals in D as {Jk}- Use Lemma I4TJ1 to bisect non-dyadic intervals: 
every J k can be decomposed as disjoint union of and J|, such that J\ and 
Jf are intervals of positive length, and there exists two disjoint dyadic intervals 
JjJ, I 2 , satisfying J| C P k and I J|| > h \l k \, i = 1, 2. As a result, when 
bisecting a set of disjoint non-dyadic intervals { Jk}, in the set of related dyadic 
intervals {-^,-f 2 }, each dyadic interval is counted at most once. (Otherwise, 
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there are two disjoint ,P k share the same dyadic interval I, so there must be 
one J % k satisfies \J k \ < contradicting with the selection of I.) Denote 

Halloo,! -suPrczll^UOII- Then, 

\\X U (K,m fe+1 ])|| 2 = W X " W\f + E ^)H 2 ( 42 ) 

[mk,mk+i]€D k j 



< 2j2(\\x« (4) II + IK (Jl) II) + E ^)H 2 

k j 

< 2E (w x "Cii + w x "\\l,ii) + E w^wl* ^ 2 E ii^hL,/ 



where we used that J^: , I k and I 3 are dyadic, and {il } U { I k } U {I 3 ; } C i?[ 2 ™ ,2«+ 1 ] • 
That P k are different as A; and i vary, is because J k are disjoint, thus there can 
not be two J k share the same I; while I k differs from Ij is because if I k = Ij for 
some i, j, k, then J£ C = Ij , so < | J k | = | J£ fl / 3 1 < | Jfe fl / 3 1 , contradicting 
with that Jk and Ij are disjoint since they are elements of finite partition D. 
Thus, use (142]) and take supremum over all finite partitions of [2™, 2 Tl+1 ] , we 
get, 

Il^^ll2-^ar,[2",2" + 1 ] — 2 E Halloo,/ • 

/eS [2",2" + l] 

Using the assumption (Hardy property) that for any interval I, J Q WX^W^ j /i (du) < 

.e. 



2 „+i 

2 



C / ||X U (/)||V(^) and (ED, i 

£ / ||X w (/)||V(^)<21og 2 (2" + l) M 

/eB [2",2" + l] 2 fc = 2" + l 

we get, for any integer n, 

/ ll^ll2-„ar,[2»,2» + i]At(^) < 2 / E 1 1 ^ 1 1 L,7 M (^) (43) 

2" +1 

< 2C ^ / ||X a) (7)|| 2 M (da;)<4Clog 2 (2" + l) £ |c fc | 2 

/e - B [2",2" + l] fc = 2" + l 



< 4C ^ log 2 (fc + l)|c fc | 2 . 



fc=2" + l 



Then we estimate 1-variation of on [2™,2™ +1 ]. On dyadic interval I C 
[2 n .2 n+1 ]. use <[57|l: 

IK(/)||< E ( 7 ')H 2 - ( 44 ) 

i-'esx\{/} 
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Suppose J C [2™,2™ +1 ] is a non-dyadic interval. Use Lemma HOI to bisect 
J = J 1 U J 2 , with ,P of positive length, and associated dyadic intervals P. 
Then according to Lemmagni \P n j| = | J l \ > \ \P\, so P £ B, } , i = 1,2 (Bj 
is defined at (IMl) ). and 

ha (J)ii < IK II + IK ( j2 ) II + IK ( Jl ) II IK ( j2 ) II 
< || a, (j 1 )!) + 1| a, K)|| + H^iil,/! + ii*jiL,p • 

The bisecting process terminates if both J 1 and J 2 are dyadic, otherwise, con- 
tinue to bisect non-dyadic J 1 and/or J 2 , so on and so forth, until all the intervals 
left are dyadic. According to Lemma [43j all the dyadic intervals left constitute 
the dyadic partition of J in Lemma 1311 

The dyadic intervals, which are by-products of our sequence of bisections 
(e.g. I 1 and I 2 from bisecting J), are elements of Bj, because if dyadic interval 
/ is obtained from bisecting interval J' C J, then I s Bji C Bj (I £ Bji is 
the same reason as I 1 , I 2 € Bj; Bji C Bj is (Hi) in d23|). Moreover, these 
by-product dyadic intervals differ from one another. Otherwise, suppose 
and J*- 2 -* are two different intervals generated in the bisecting process, sharing 
the same dyadic interval I, i.e. jW C 7, and |J^| > \ \I\, i = 1,2, then 
| J^ 1 - 1 n J^l > 0, and I is the smallest dyadic interval which includes J^(J^). 
bmce jW and are sub-intervals generated in the process of decomposing J, 
so if | J^ 1 ) n j' 2 ) | > 0, then one is wholly included in another. Thus, without loss 
of generality, suppose C then is obtained from further bisecting 
jW. When bisecting J*- 1 ), according to Lemma l40l there exist two disjoint 
dyadic intervals I' and I", s.t. CM'\ > 0, |jWn/"| > 0. Since 

is obtained from further bisecting JW, so without loss of generality, assume 
j( 2 ) ci'. As we denoted, I is the smallest dyadic interval containing J^ 2 \ so 
I C /', while I is also the smallest dyadic interval containing jt 1 ', so j' 1 ' C 7, 
thus j' 1 - 1 C J', contradictory with that J' and J" are disjoint and | j' 1 ' n Z"| > 0. 

Therefore, if denote the dyadic partition of J in Lemma I3T1 as Uklk, use the 
estimation for A u on dyadic intervals fi.e. (l2"T)l ), we get (all by-products dyadic 
intervals are elements of Bj, and they are different from one another), 

\\A U (J)\\ < £|L4 W (4)||+ £ H*X,j (45) 
fc /eB.,. 

< E E IK( 7 )H 2 + £ ii^iiL/< E n^( / )ii 2 + E puC 

fe /£B, t \{4} i eBj I^Bj 

where UkBj k \{Ik} C Life -Br fc C _Bj ({/fc} is a dyadic partition of J, and use 

USD). 

Therefore, suppose {Ij} is a finite partition of [2", 2" +1 ] , combine estimation 
on dyadic intervals(ij € -B[2™.2™+ 1 ]) m fl44|) and on non-dyadic intervals(7j 



28 



Bp» a »+i]) in (gSD, 



< E E n^( / )ii 2 + E (E n^( / )ii 2 + E ii^hL,/) 

< E E ii^wii 2 +E E w x «\tj- 

J l£B h j IeBli 

Use LijBi j C Br 2 » i2 »+i] (according to (|15]) ). Uj-B/j C £?[ 2 „ 2 „+i] (according to 
(iv) in d23|) , and B[ 2 ™ i 2«+i] = -B^^+i] for dyadic interval [2", 2" +1 ] (according 
to (ii) in r J2"5)l , we get 

IIAJ^pn,^] = SUP Ell A -^)H^ E (ll-MJ)|| 2 + ||*X,/)- 

{•fi}e-D [2 ",2"+i] j /ef( [2 „ 2 „ + i, 

Integrate both sides, use J Q H^H^ T H {duj) < C f n \\X (I)\\ 2 fi(dui), and (fT7|) , 
i.e. 

2™ +1 

E / iix w (/)iiV(^)<2io g2 (2 n + i) e m 2 > 

we get, for any n > 1, 

/ IIA,|| 1 _„ OPl[2 », 2 n +1] ^(dw)<(l + CO E (46) 

2 „+l 



<2(1 + C) E fog 2 (fc + l)|c fe | 2 



LOg 2 (K + 1J |C fe ' 2 
fc=2" + l 

Combined with reasoning at the beginning of the proof and proof finishes. 



5 Sobolev spaces H s Log 

In this section, we identify an equivalent norm on the space of functions whose 
Fourier coefficients satisfy J2 n (1°S2 ( n + 1)) 2S l c «| 2 < 00 f° r some s > 0. We 
also construct an example to show that ^ n to (n) |c„| < oo is not necessary for 
the partial sum process of Fourier series to be a geometric 2-rough process, for 
any Weyl multiplier {w (n)} increasing faster than {(log 2 log 2 n) 2 }. 
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Let H s be the sobolev space W 5 - 2 . The fact that / : [-tv,tt] ->• R d belongs 
to H 5 for some < 5 < 1, can be stated equivalently in the following two ways 
(Theorem 8.6 in [IT]): 



and 



5> 25 |c„| 2 <oo, (47) 

n=0 



J-ttJ—k fflllW 



with {c„} the Fourier coefficients of / (suppose / = (/i, / 2 , . . . , /d), then c„ = 
(c* , c£, . . . , c£) € K 2d , with = J* n f k (9)e me d0). When 5 = 0, the space 
defined by (j48|) is strictly included in L 2 , which, as we will prove, is equivalent 
to 



OO 



^]log 2 (n + 1) |c„| 2 < oo. 

71=0 

To fit the framework of our theorems, 

Definition 45 Define sobolev spaces H ! f j0g , — oo < s < oo, as the linear space 
of Mr valued functions on [— 7T, 7r] iwif/i finite the following norm: 

Wfho B ,.~ ^E(log 2 (n+l)) 2s | Cn | 2 ^ , (49) 

where {c„} are Fourier coefficients of f. 

Similar to H s , Hf^ is a separable Hilbert space for any — oo < s < oo, with 
trigonometric polynomials as a dense subset; H~]og 1S tne dual space of Hl og ; 
and can be compactly embedded into H v Log for any q > p. Moreover, 

for the interpolation space (^H^ og , Hlog) = ^Logi wnere r — (1 — &)p + Sq, 
Holder inequality holds: 

II f\\ < II f II 1- " II f\\ e 

"J "Log,r — iiJ WLog,p \\J <<Log,q ' 

All these properties can be proved as counterparts as those of H s (e.g. pl08- 

pll7, m). 

The function 

fs.e (x) = — +1 j TTT^7' X £ (°> X ) ' 

a;3|log 2 f| 2 |log 2 (2|log 2 f |)| 2 

(according to Theorem 2.24 at pl90 in Vol I [29]) belongs to Ht og when e > 0, 
not belongs to H s Log when e < 0. 

Next, we prove that there exists an equivalent norm on H s Log as the one for 
H s in (|48|) . which is inspired by Theorem 8.6 in [TT] . 

Firstly, we prove three little lemmas. 
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Lemma 46 Suppose g : M — > R satisfying that for any xERj (x) = <? (— x) ? 
# (x) = g (tt — x) . Then for any m, n G N, m 7^ ?i ? 



7T />7T 



7T «/ — 7T 



Re ((e imu - e im ") (e inu - e inv j) g (^^j dudv = 0. (50) 

^ e im« _ e im^ ( einu _ ein „^ = 4cQS (m + gin ^ _ ^ g 

Denote £ := ^^j^, ?/ := 1L ^ L , then ([50]) becomes (since to ^ n): 



Proof. 



Re (e 



2 ' '/ ' 2 

cos ((to — tt.) £) d£ sin (tot?) sin (7177) g (?y) d?7 

^m— n+l f>7r 

sin ((to — n) 77) sin (to??) sin (7-177) 9 (v) dv 



32 (-1)' 



(i 



32 (-1) 



TO — 71 

m—n+l /.-J 

— / sin ((to — n) 77) sin (mrf) sin (7777) (g (77) — g (tt — 77)) dr] = 
i" " Jo 



Lemma 47 Suppose a > b > 1, and real-valued function g defined on (0, 1) is 
non-negative, for which the following integrations have meaning. Then 



when s > 0, J g (t) ^log 2 <ft < J g (t) (log 2 |) " dt < (log 6 a) s J g (t) ( 

w/ien s < 0, jf 9 (t) flog 2 ^ dt> J^g (i) (log 2 |) " > (log 6 a) s jf <? (t) ( 

Proof, when f G (0, 1), log 2 f > 0, log 2 | > 0, and 

, . log 2 f lo 8'2 a + lo S2 \ , log 2 a 

1 < p = f- < = log b a. 

log 2 f log 2 6 + log 2 ± log 2 6 

■ 

Lemma 48 Suppose s £ (0, 00). -For (my n G N, if denote 



log 



log 



sin [hn (u — vy\ 



i2 



7T 



T s := / / V 5 -^ r jZ Mlog 2 i rY^dudv 



sm sin - 2 



Z" 1 Isin (i7rnrj) | 2 2 n , 
_/ ' K \ n i\og 2 - t ) 2s ~ l dt. 

Then, 4nR s n < T° < 8tt 2 (log 2 tt) 2s_1 R s n , when s > -, 

4tt (log 2 tt) 2 ^ 1 fl* < < 87r 2 i?^ lu/ien < s < -. 
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Proof. Denote £ := ^±H, 77 := 2=2, then 



7T fTT—Tj 



^ = 8/ / ^^(log 2 -^)-^. 
7 7 sin?) sin 77 

Since 

{«,»7)|0<»7< |,0<e< |} C{(e,»/)|»?>0,0<e<7r- f7 } 

C {(€,^7) |0 < 77 < 7T,0 < e < 7T> , 

so 

Z" 5 |sin(nt)| 2 ir %9o n „ |sin(nt)| 2 7r v0 „ < 

4vr / J i— iLHog —fs-^dt < T» < 8tt / J log, — f^dt. 

1 sinf y B2 sint ; - n- sinf v 62 s inr 



Jo 
While 

sint sint J a sint sint 

so if denote 

then 

4tt^ < < 167ri^. (52) 
On the other hand, when t € [0, |] , |t < sint < t. Thus, 

t t suit sint 2 t 2t 2 

jaog,^) 25 - 1 < ^-(log 2 — f ) 2s - X < f i(log ") 2 - 1 ,whenO<.s<i 
E 2t suit smt 2 t t 2 



Hence, when s > i 



2 : 



1 |sin(i7rnt)| 2 2 2s _j |sin(nt)| 2 tt 



< \ jf |Sin( ^ )|2 dog 2 < I dog 2 jf 1 l si "(^)| 2 ( log2 

where in the last^step, we used Lemma 1471 With R n defined in statement of 
this lemma and i?* defined at (j5Tj) . simplify the notation of (j53")h we get 

K < K < ~ (log 2 tt) 23 - 1 Rl when a > ~ 

Similarly, 

(log 2 tt) 23 - 1 R s n <K< ~R s n , when < a < ~. 
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Combined with (|5l2j) . proof finishes. ■ 

Theorem |2H For any < s < oo, f/iere exist constants < k s < K s < oo, 
such that for any f G L? ([— ir, tt] ,M ) with Fourier coefficients {c„}, 



if denote L (/) := 



i/(«)-/wr 



sin ■ 



(lo f 



\2s-l 



' 2 jsin 11 —^ 



dudv 



(54) 



and / (/) := £ (log 2 (n + l)) 2s |c„| 2 , then k s l (/) <£(/)< K.l (/) . 



n=0 



Proof. Without loss of generality, we assume / is one-dimensional. Since 
trigonometric polynomials are dense in , we only prove the theorem for 
trigonometric polynomials. Based on Lemma l46l g (x) := | si * ^ (log 2 i s ing| j 2 " -1 
satisfy g (x) = g(—x), g (x) = g(%—x), so trigonometric monomials (e mx , 
neZ) are orthogonal w.r.t. this inner product: 

r r Re ((A (u) - A («)) (A W - A («))) 
(/i,/a>=/ / — ^ f— ^1 ^-(log 2 - 



sin ■ 



sin 



Thus, (since L (e ma: ) = L ( e - ma: ) and |c„| 2 = |c_ n | 2 , L (/) as defined at fSip) 
the problem boils down to prove: for any s G (0, 00), there exist < k s < K s < 
00, such that 



k s (log 2 (n + I)) 28 < i (e m ") < ^ s (log 2 (n + 1)) , Vn G N 



(55) 



Since ([55]) holds for n = 0, and L (e OTX ) > 0, log 2 (n + 1) > when n > 1, so we 
only need to prove (|55[) for sufficient large ns. According to Lemma |4"5I when 
s G (0, 00), if denote 



1 sin 2 {\imt) 



10 t 
then there exists < a s < A s < 00, 



log 



dt, Vn G N, 



a.i£ < L (e mx ) < A s R s n , Vn G N. 



Thus, we are done, if we can prove that there exist constants < b s < B s < 00, 

(log 2 (ra-n-)) 2 
(log 2 (n+l)) 2 



s.t. for all sufficiently large ns (1 < ^° S fTAV° ^ 22i > Vn ^ X )' 



6 S (log 2 (7rn)) 2s <K<B S (log 2 (7rn)) 2s 



Denote 

sin 2 k 



log 2 - - log 2 (im) 



2s-l „1 

(it = 



:= R{ (n) + ^ (n) . 
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For Rf (n), 



(log 2 (tto)) 2 * -1 



When n > 1, 
1 < 



log 



Z" 1 sin 


2 H 

2 L 


1 




t 


log 2 (nn) 


t 








2- 1 


< 1 


+ 


iog 4 



2s- 1 



dt. 



when t € (0, 1) . 



Thus when 

Z" 1 sin 2 k 
0< / — A- 



/u * (log 2 (7rn)) 2s_1 ~ Jo * V 



l0g2 2 



2s- 1 



< s < i, the upper bound and 
i?f (n) ~ (log 2 (nn)) s ~ , and for any e 5 

|J2J (n)|<c(log 2 (<-- 

For R s 2 (n), 

gg (n) = 1 r n 

(log 2 (Trn)) 25 log 2 (nn) J 1 
ten 1 < t < Jnir, (since log, ? 



< oo. 
(56) 

lower bound in (|56|) exchange. Thus, 
and for any e > 0, there exists N e > 1, s.t. 

nn)) 2s , Vn>N e . (57) 



1 sin 2 \t 



When 



f 

3 lo S2 k 



1 t 
bg^) 1082 ^- 1 



2s-l 



fit. (58) 



so 



y^wr, (since log s ? 

1 , t 1/1, 7r\ 1 

; ; — r log 2 - < — r - log 2 n + log s - < - 

log 2 (nn) 2 log 2 (nn) \2 2)2 

< 1 when 1 < t < yriTr. 



1 

- < 
2 ~ 



1 1 t 

1 7 — s lo S2 o ~ 1 

log 2 (nn) 2 

part of 



as the integer part of *Jn : then when s > | 

gg (n 



Denote [-y/n ] 

(log 2 (^n)) 2s " 2 2s - 1 log 2 (7rn) ^ J]m 



s > 5, n > 1, 



'( fc+1 )- sin 2 it 



[v^]-l , 

While v 



. " . , [\A>] 1 

y — = t - 
^ k+ 1 ^ A 

fe=i fc=i 

so for s > i, when n > [e 4 7r] + 1, 



1 [V yT 1 1 

t ~ 2 2s log 2 (tto) ^ fc + 1 

V™1 j Wv^]+i ! 

^ k 1 ~ Ji x 

fc=i 1/1 

lnn-2 



■da;-l = ln([Vri] + l)-l > -ln(n)-l, 

2 



, ln "7 2 > i and 

In n+ln 7r — 2 " 



R s 2 (n) ln2(lnn-2) ln2 

(log 2 (nn)f s ~ 22-+i(lnn + ln^) " 2^2' 
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Similarly, for < s < i, when n > [e 4 7r] + 1, 



R s 2 {n) > ln2 



(log 2 (im)) 2s 8 

For the upper bound of ^ggyw , in let » = (0 < jg^y < 1) 

< i n2 jT 1 sin 2 {{7Tn) v } (1 _ dy < ln2 ^ (1 _ y fs-i dyi = M 



(log 2 (Trn))" 

Therefore, if for s > let e (s) = ^ min { 2 a" 2 2 , ^r}i then according to ([571 
there exists integer iV e ( s ) > 1, s.t. for any n > iV e ( s ), |i?f (n)\ < e (s) (log 2 (titi))' 
Thus, for any rt > max{iV e ( s ), [e 4 7r] + l}, we have 

In 2 m In 2 In 2 , 1 

< ^-T2l < — + TvpTTTi when s > -; 



2 2s+3 " (log 2 (™)) 2s " 2s 2 2s +3' " 2' 

In 2 i?£ In 2 In 2 , 1 

-T7T < o- < + -T7T, when < s < -, 

16 " (log 2 (™)) 2s " 2s 16 2' 

where we used R s 2 (n) -\R{(n)\ < R^ < R s 2 (n) + \R{ (n)|. Combined with 
reasoning at the beginning of the proof, proof hnishes. ■ 

Remark 49 Since g{x) = 1, x £ R, satisfy g(x) — g(—x) and g (x) = 
g (jr — x), so according to Lemma\4b^ 



Re (e 



^ e im« _ e imv^ ( e i„„ einv j\ dudv = when m ^ n 

Thus, following similar but simpler line of reasoning, one can prove that there 
exists constants < k < K < oo, s.t. 

k 1^ \f(xfdx< r r |/ (u) — f (v)\ 2 dudv < K f \f(x)\ 2 dx. 



— 17 J —TT 



Then J* \f (u) — f (v)\ 2 dudv < oo iff f is in L 2 . Since |sin iL - 2 JL \ < 1, so 
from this perspective, one can also get that 

VM-Kf " dudv <o ^ f is an L 2 function. 
| sin '^y 1 | 



Combining Theorem |2~T1 with Corollary l2T)tm we get that if 



\f(u)-f(v )\ 
| sin VI 



2 



■dudv < oo, 
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then / is in L 2 (also Remark Ff!?]) . and the partial sum process of Fourier series 
of / is a geometric 2-rough process (denoted as X). Moreover, there exists 
constant C, s.t. 



f \\X(9)\\ G(2) de<C T f J^? )l dudv -jriog^n+i)!^! 2 

J— 7r J —tt J —it |sin 2 | n— o 

However, as we show below, the Weyl multiplier {log 2 (n + 1)} is not necessary 
for the partial sum process of Fourier series to be a geometric 2-rough process. 

Example 50 There exists an L 2 Fourier series: J^Li c n e > s -t- ^ s partial 
sum process is a geometric 2-rough process, but J~) log 2 (n + 1) |c„| 2 = oo. 

The same example can be modified to any Weyl multiplier growing faster 
than {(log 2 log 2 n) 2 }, as in Example 1231 proved after this example. 
Proof. Define 

oo 2" +1 

/(*) = £ -5* E <?g[0,2tt). (59) 

71=1 fc = 2"+l 

Then / is in L 2 , and |c n | 2 ~ rT 1 (log 2 n) 2 . The partial sum process of / is, 
i(2"+i)0 _ i(k+i)e 

Xe (k) = n2f _ et9) + X e (2») , fc G [2" + 1, 2» +1 ] n N, (60) 



and linear between adjacent integers. Suppose X 1 — L (X, {2"}) (Definition[ 

Then X 1 is a geometric 2-rough process. (Denote 2~t J2l=2™+i e%kB as v n 
then {t>„} is an orthonormal system, and X 1 is the reparametrised partial sum 
process of J2 n n Vn - Since being a geometric rough process is invariant under 

reparametrisation and Xm=i ^fSr^ < 00 1 so according to Theorem [T7l X 1 is 
a geometric 2-rough process.) Denote A := A (X) as the area process of X. 
Based on Corollary 1367 in rJlT]). we are done if we can prove, 

oo 

2 (ll- X 9|la-«ar,[a» ) 2»+i] + ll^«lll-t.or,p»,2»+i]) < 00 a - e " ( 61 ) 
n=l 

When 6* = 0, || JSfg Ili_^ ar = °°, so PQ)> A)) is n °t a geometric 2-rough path. In 
the following, we prove that (foTj) holds for any 9 G (0, 2tt). More specifically, we 
prove that, for any 9 G (0, 27r), there exists constant Cg, s.t. 

C# f 27T 

ll^lla-«or,[a»,2»+i] + ll^lli-«or,[2»,2»+i] ^ Vn > max |log 2 ( — ), 

For each fixed 9 G (0, 27r), only finitely many ns satisfy n < log 2 ( 2 J I ), so 
EZAWMl-var^^] + \\Mi- w ,[2n,2^]) < °° for every G (0,2tt). 

We do analysis for fixed 9 G (0, 27r) and on fixed interval [2™,2™ +1 ] for 
integer n > max{log 2 (^ L ), 1}. 
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Denote integer J := [%^] (the integer part of and denote tj := ^ for 
integer < j < J. Then J > 1 since n > log 2 (^ L ). 

In dSOl) for fixed (9 and fixed n; Xg (2™), n, 2§ , 1 - e ie and e l ( 2 " +1 ' 8 are 
constants, so equivalently, we work on the continuous piecewise linear path Y 
on [0, oo) obtained by interpolating at integer k the value: 

Y (k) := e m , 0<k<2 n , 

In fact, we use the continuous version of 

when t € [0, 2 n ] 
when t £ (2™, oo) 

Then Y (k) = Y(k), for integer < k < 2", and Y (tj) = 1, < j < J. 

First, we estimate 2- variation of Y. Since Y is a discretization of Y, the 
2-variation of Y is bounded by the 2-variation of Y. Inserting partition points 
{tj\^ < j < J} to any finite partition of [0,2™] will not change the 2-variation 
of Y by more than multiplying a constant. Suppose s < tj t < tj 2 < t, then 

\\Y ( S ,t)\\ 2 <2(\\Y(s,t h )\\ 2 + \\Y(t ]2 ,t)\\ 2 ), 
where we used Y {t n ) = Y (tj 2 ). Thus if let / (i) = e i2,rt , i e [0, 1], and denote 

L := || / 1| 2— uar, [0,1] ' 

then, when J > 1, 

J 

ni2-^<2^||r|| 2 _„ al , [tj , tj+l] <2L(J + 1)<4LJ. (62) 

One can check that the 2-variation of unit circle is obtained by trisection, so 
L = 9. While as a crude estimation: L = \\f\\l_ var < ||/||?_„or = (^f = 4tt 2 . 

Then, we estimate the area of Y. We decompose Y as the sum of two paths: 
Yi +Y%, where Yj is obtained by discretizing F on the basis of Y at additional 
points {tj}^ =0 - More rigorously, denote 

T:={k\k£ [0,2 n ]nN}U{tj|iG [0,J]nN}. 

Define 

( Y (t) when t € T 

Yl (i) = \ linear between adjacent ts in T . 
1 F(2") t € (2 n ,oo) 

Thus, Yj starts at 1, coincides with Y at and returns to 1 at {tj}^ =1 ; 

Y2 = Y — Yi starts origin, and keeps returning to origin at {fc}^ =1 . Denote 



and Y(i) = e i2 6 when f € (2™, 00). 
Y: 

l r (*) = { 
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Ay := A(Y) and Ay,2 '■= AQf?). According to Lemma |3"51 since Y\ (tj) = 1, 
< j < J, we have (here £q = 0) 

./ 

PHIi-„ar < 2||F|||_ t;Qr +2^m y || 1 _ TOri[t . it . +i] +2 sup ]T \\A Y , 2 (t mk , t m „ +1 ) 

j=0 i mk } rn k <m k+1 

(63) 

where we used ||^]|l_ uaT . < ||Y"||l_„ ar . 

First, we prove that, \\A Y ., t < * 2 + 2 \\Y\\l- var ,i tj ,t J+1 ]i for an y 
< j < J- Denote 

rij := [tj] (the integer part of tj). (64) 

Then tj € [ n j, n j + 1]< Since tj+i — <j = > 1, 7^ rij 2 when j\ 7^ J2- 
Therefore, for any integer < j < J — 1, rij + 1 < Since Y - is piecewise 

linear obtained by interpolating on integers, so (based on the appendix) we 
only consider finite partitions of \tj,tj + {\ in the form (when there exists at 
least one partition point between tj and tj+i): {[tj,mo]} U {[mfc, rnk+i]} k= Q U 
{[tok, fj+i]}, for integers {rrik}k—o satisfying rij + 1 < mo < mi < • • • < itik < 
Jij+i. Then 

|| Ay (ij-.mo)!! < ll^y (*j,nj + 1)11 + ll^v + hm )\\ + \\Y\\ 2 2 _ var>[t . tma] , 

\\A Y (m K ,t j+ i)\\ < || A y (m^,n i+ i)|| + \\A Y {n 3+1 ,t J+l )\\ + ||y||2_«or,[mK,tj+i] ' 

Since Y is linear on [tj, rij+1] and [n 3 -+i,fj+i], so \\A Y (tj, rij + 1)|| = || Ay (nj+i,tj+i)|| 
0. Hence 



||Ay(^,m )|| + ^ ||Ay (m fc ,m fc+1 )|| + \\A Y (m K ,t J+1 )\\ 

K-l 

< || Ay [rij + l,m )\\ + || Ay (m k ,m k+1 )\\ + \\A Y {m K ,n j+1 )\\ + \\Y\\l_ varAtj>tj+A 



< ll^y|ll-„ar,[n,+l,n, + ll + II ^^11 2 — i 



k=0 

y + l,nj-f-i] ^ 1 1 1 1 2— var, [t j ,t j + i] 

While if there is no partition point between tj and t_y+i, then 

ll^y (*i,*i+i)ll 

< || Ay (tj,rij + l)j| + || Ay (rij + l,n j+1 )\\ + \\A(n j+1 ,tj +1 )\\ + 3/2 \\Y\\ 2 2 _ var>[tjit . +i] 

< \\A Y \\l-var,[nj + l,nj + 1 ] + 2 1 1 ^ II 2-var, [tj ,t j+ x] ' 

Take supremum over all finite partitions of [tj,tj + \\, we get 

W^yWl-var^t^tj + t] - ll^^lll-t)ar,[n J - + l,n J - + 1 ] + 2 1 1 Y \ 1 2-var, [tj ,t j + 1 ] ■ ( 65 ) 

On [rij + l,rij + i] C [^-, ij+i]: If fij+i = % + 1, then Y on [rij + l,rij + i] is a 
point, ||A y || 1 _„ ari[n . +1 nj+i] = 0; If n j+1 = n 3 + 2, then on [rij + l,n 3+1 ] = 
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[rij + 1,^ +2], Y describes a cord of unit circle, ||Ay|| 1 _ uorj[n;(+1) ^ +i] = 0; 
If rij + i > rij + 3, then Y on [rij + l,n J+ i] — after connecting Y (rij+i) with 
Y {rij + 1) — draws a simple convex polygon, with unit circle its circumcircle, 
so W A Y\\i~var,[n ]+ i,n ]+1 ] < • Combined with (55]) we get 

ll^lll-oor,[^,^ +1 ] - 71-2 + 2 W Y \\2-var,[t j ,t j + 1 ] • 

Thus, we have, when J > 1, (use \\Y\\ 2 2 _ var < \\Y\\%_ var and (|52jl) 
j 

E II^Hl-»ar,[* J ,* J+1 ] < ^ ( J + !) + 2|M|2_ oaP < 2 (tt 2 + 4i) J. (66) 

Therefore, what left in g)3) is sup {mfc} E„ fc <„ fc+1 ||^v,2 (<m fc) *m fc+1 ) ||- 

From the construction of Y\ , we know that Yj and Y coincide on integers, and 
Y\ adds additional linear structures on [rij, rij + l](rij = [tj]). Thus Y 2 = Y — Y\ 
can only be nontrivial on [rij, rij + 1]. Moreover, since rij 1 7^ rij 2 when j\ 7^ j 2 , 
so tj> (f: [nj,rij + i\ when j' 7^ j, Y 2 is linear on [nj,tj] and [tj,rij + 1]. 

For ||-Ay ) 2(tm fc ,*m fc+I )||, suppose integers ji, j 2 satisfy j 1 — 1 < i mfc < ji < 
32 < t mk+1 < h + 1) tnen O'l = n m k + 1, J2 = ^m fc+ i, and) use multiplicativity 

of (l2,Ay, 2 ), 

^y,2(im fe ,im fc+1 ) = A Y ,2{tm k ,h)+AY,2til,j2)+A Y ,2U2,t mk+1 ) (67) 

+2- 1 [F 2 0i) - Y 2 (t mk ),Y 2 (t mh+1 ) - Y 2 (j 1 )] 
+2- 1 [YaOa) - Y 2 ( n ),Y 2 (t mk+1 ) - Y 2 (j 2 )] . 

Since Y 2 is linear on [t mh ,ji] and [j 2 ,t mk+1 ], A Y , 2 (t mk ,ji) = A Y . 2 (j 2 ,t mk+1 ) = 0; 
the last term in (j???)) vanishes because Y 2 (ji) = Y 2 (j 2 ). Since ^(imjs+i) ~ 
K a (ji) = Y 2 (t mk+1 ) - Y 2 (j 2 ), 

\\A Y , 2 (t mk ,t mk+1 )\\ < \\A Y2 (jl,j 2 )|| 

+ 2- 1 \\Y 2 (h) - Y 2 (t mk )\\ 2 + 2- 1 \\Y 2 (t mk+1 ) - Y 2 ( J2 ) || 2 . (68) 

For A Y<2 (ji,j 2 ), use multiplicativity of (Y 2 ,A Yf2 ) and that Y 2 (k) = 0, Vfc € 
[0,2»] n N, we get (property (TOD in A Y2 (j llj2 ) = V- 1 ,\ Y2 (jj + l). 
Therefore, since Y2 can only be non-trivial on [rij, rij + 1], 

\\A Y ,2(jl,j 2 )\\< £ 11^,2(^,^ + 1)11, 

j,[«3.«3+l]C[ji J 2 ] 

and 

Ay i2 + 1) = Ay;2 (nj,tj) + ^Y,2 + 1) 

+ 2- 1 ry 2 (tj) - Y 2 (rij) , Y 2 (rij + 1)-Y 2 (tj)) , 
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Since Y 2 is linear on [fij,£j] and [tj, rij + 1], we have, 

\\Ay.2 (n 3 ,n 3 + 1)|| < 2- 1 \\Y 2 (tj) - Y 2 ( nj )f + 2" 1 \\Y 2 (nj + 1) - Y^f . 
Thus 

\\A Y ,2(juh)\\ (69) 

< Yl 2- 1 (||y 2 fe)-y 2 (n J )|| 2 + ||r 2 (n 3 + i)-y 2 fe)|| 2 ). 

j,[nj,nj+l]C.\ji ,32] 

Since integers jx, j 2 satisfy t mk e (j a - 1, ji) and * mfe+1 e (j 2 , j 2 + 1), so ac- 
cording to definition of rij, ji — l = n mk , j 2 = n mk+1 . Combine ([55)1 with (folj]) . 
and that ji = n mfc + 1, j 2 = n mfe+1 , we get 

||A y , 2 (i mfc ,i mfc+1 )|| (70) 

< 2- 1 £ (||y 2 (t,)-r 2 (n 3 )|| 2 + ||r 2 K + i)-y 2 (t,)|| 2 ) 

j=m fc +l 

+2- 1 \\Y 2 (n mk + 1) - r 2 (t m J|| 2 + 2- 1 ||y 2 (W) - ^(n mfe+1 )f . 

Thus, because F 2 fe) = yfe) - Yifa) = y(tj) - 1, < j < J, and Y 2 (k) = 
for integer k e [0, 2™], so use ([70|) . we get 

Sup Y my,2(*m*,*m fc+1 )|| (71) 
.7 ,7 

< 2- 1 £ (||y 2 fe) - r 2 (n,)|| 2 + ||y 2 (n, + 1) - y 2 fe)|| 2 ) = £ ||Ffe) - 1|| 2 . 

Since 1" is linear on [rij , rij + 1] , so there exists Pj G [0,1], s.t. Y (tj ) = pjY (rij ) + 
(l - pj) Y (n + 1). Hence 



TO) -111 - ||p i (y(n i )-l)+ (1-^)^(^ + 1) -1)||" (72) 

< 2 ( P ) \\Y{ nj ) i|| 2 + (i - Pj ) 2 ||y K- + 1) - 1|| 2 ) 

< 2 (||y( ti ) - Y{ nj )f + \\Y( nj + 1) - y(^)ll 2 ) , 

where we used that Y coincides with Y at integers, and Y(tj) = 1. Therefore, 
combine (jTTj) and ([72")l . we get 



Sup ^ 1 1 (*m fc , *fr.* +1 ) 1 1 (73) 

- 2^ (||F( ti ) - Y( nj )f + \\Y( nj + 1) - Y( t] )\\ 2 ) < 2\\Y\\l_ var . 

3=0 
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Therefore, when J > 1, combine and (|75|) . we get 

J 

\\M\i- var < 2||?||L,a, + 2^P y || 1 _„ arj[tjitj+i] +2 sup 



J=0 



{wife} ' 



< 2X)ll^lll- W r 1 [t J ,t J+1 ]+6||?|| 



2 

2— war " 



3=0 



Use ||y||3_ wr < 4Z/J at © and £/ =0 ll^r|li- wr , te ,t, +1 ] < 2 0* + 4i ) J at 
fBlSjl. we get 

PHIi-„ a r < 4 + 4L) J + 24LJ = 4 + 10L) J. (74) 
Finally, since 

Il^|l2- wr)[2 n, 2 „ +1] = 4n22 „ sin 2| ll^lla-wr < 4n 2 2 „ sin 2|H y ll2-,a„ 

combined with ||Y"||i_„ ar < 4LJ at ([62]), and J < f^, L < 4tt 2 , 

ll^ll a - w ,p-, a - + x] < n22 „ sin 2| < -2|^2 ■ Vn > max{log 2 ( T ),l}, 
where n > log 2 (^ L ) since J > 1. Similarly, for area of Xg on [2™,2 n+1 ], use 

Pe|ll-™-r,[2- : 2" + i] = 4 n 2 2 n s i n 2|H Ay ll 1 -' ;aI ' 



(tt 2 + 10-L)J 45tt6» 1 w n .2tt. , 

" n 2 2»sin 2 ? " 2^?!^' Vn ^ maX{l0g2( T ) ' 1} ' 



2 

Therefore, 

497T0 

if for £ (0, 27r) , define Cg = ^-r, then 

2 sin | 

Cg 27T 

Il x e|l2-™rj2",2"+i] + ll^-elli-«or,[2«,2»+i] < , Vn > max{log 2 ( — ), 1}. (75) 

Combined with the remark at the beginning of this example, proof finishes. ■ 

Although in the example above, (Xg,Ag) is of finite 2-rough norm when 
9^0, the integration J„ ||Xe|| G(2) d9 is not finite, and the problem occurs at 
or 2-7T, as one may see. Moreover, after some modifications, we can push the 
result a little bit further. The convergent factor n~ 2 only appeared in ([75)l . so 
one could adapt the example to 

E e " (76) 

n=l a2 W 22 fc=2" + l 
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for any positive {a (n)} satisfying ^ < oo. However, the long time behavior 
will then cause a problem. Denote X 1 as the process which coincides with X 
at {2™}, and linear in between. According to Theorem \Vf\ we know that if 
Tn (1°§2 n ) / a ( n ) < °°j then X 1 is a geometric 2-rough process, so it will not 
be a problem in that case, while the local regularity is controlled by ([75]) . In 
that case, based on Corollary ISuTin rJT4"l). the partial sum process of (|7S)l is a 
geometric 2-rough process. Therefore, we can generalize Example 1501 

Example 1231 Suppose {w (n)} is a Weyl multiplier that n i— > ^ is 

strictly increasing from some point on and lim„_i. 00 n~^~ n yt — 00 ■ Then 
there exists a 2- dimensional Fourier series Tm°=i c nC m9 , s.t. its partial sum 
process is a geometric 2-rough process, but T n w ( n ) l c «| 2 = 00 • 

Proof. In light of ExamplelSOl we only have to prove the statement for {w (n)} 

growing slower than {log 2 (n + 1)}. Thus, assume lim„_ i . 00 ^ 2 ") = ^c- 
cording to the condition of this example, assume N > 2 is such an integer, that 
n n- ^ 2 Jy2 is strictly increasing for all n > N. Let r : [N — 1, oo) — > M. + be a 
differcntiable path satisfying r' (t) > for all t > N — 1, and 

w (2 n ) 1 

r (n) = — — for all integer n > N, r (N - 1) = -r (N) . (77) 

(log 2 n) ~ 

Moreover, we assume, 



• .. , r (n + 1) — r (n — 1) , , , 1 . , , 

r' (n) = 2 " for all n> N, r + (N — 1) = -r (N) . (78) 

Such kind of function r exists. The problem boils down to, for fixed real numbers 
k > 0, k\ > 0, fc 2 > 0, constructing a one dimensional non-decreasing differen- 
tiable function /, defined on [0, 1], satisfying / (0) = 0, / (1) = k, f' + (0) = fco, 
f'_ (1) = hi, and we further require that / * /' (s) ds = / (t), Vt G [0, 1]. Then 
/ exists, if there exists a continuous function p, defined on [0,1], satisfying 
p(t) > 0, p(0) = fco, p(l) = fci, f p(t)dt — k. Such p clearly exists, so 

f (t) — f*p(s)ds satisfies the condition of /. Thus, we can construct r by 
first setting its value at integers by (|77|) and (|78|) . then on [n,n + 1] for integer 
n > N — 1 use the construction of / as above. In this way, r is absolutely 
continuous on any finite interval [a, b] C [N — 1, oo) (its derivative is continuous, 
so r is Lipschitz on any finite interval), thus we have J r' (t) dt = r (b) — r (a). 
As an application, use ([75]) . 

1 



Let 



l-n+l 

r'(n) = ^l r'(t)dt. 



r> (n) 



a{jl) r{n) ^/(log 2 nfw{2 n ) 
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and define 

2 „+i 

ikd 



/w-E^tV E «■ 

n—N v ' A;— 2^+1 

Then since lim^oo ^ 2 (2 „^ = 1, so lim^oo r( r "^ ) 1) = 1, and 

( lo S2 n ) 2 = (log 2 "-) 2 ^ (n) = ^ r' (rt) 

n>N a ^ n>N r (n) J0og 2 n) 2 w(2 n ) n>N (r (n)) z 

r' (n) ^ 1 f n+1 r' 



-dt 



Since we know r > 0, r' > 0, and that r is absolutely continuous on finite 
interval, so 

El f n+1 r' v-^ 1 r i+1 v-^ 1 

- / — s-iit = lim > — / — = lim > — / — =■ 

ri>iV ' n—N Jn ~ 1 1 n=N Jn ~ 1 1 

,. /- M+1 dr ,. / 1 1 

< hm / —3- = hm 2 



M->oo 

2 



< oo. ( lim r(M + l)=oo.) 



y/r{N- 1) A/ 

Thus X)n>Af ^°a(n"^ ^ 00 • ^ following exactly the same reasoning of Example 
l50l the partial sum process of / is a geometric 2-rough process. On the other 
hand, since {w (n)} is non-decreasing, so 



w(n)\c n 



w yii) |c„| 2 

ra>2 N +l 



""+1 

-.dt 

ir 



r' (n)w(2 n ) _ y, r' (n) > ^ y, 1 r n+ ' r 

n>N r (n) ^{\og 2 n) 2 w{2") n>N V^M ~ M ^°° „ =JV 2 

1 r AI+1 dr / , , \ 

lim - / — = hm Ur{M + l) ^{N)) = oo. 



6 Example of an L 2 Fourier series with infinite 
2-variation almost everywhere 

Before construction, we prove the upper semi-continuity of the cumulative dis- 
tribution function of p- variation. 
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Lemma 51 Suppose {X n }^ =1 and X are continuous processes, defined on prob- 
ability space (ft, T , P), taking value in M. d , and X n converge to X in distribution 
as n tends to infinity. Then for any p > 1, C > 0, 



lim„^ooP [\\X n 



< C < P \\x 



< c 



Proof. C[0,oo), the space of continuous Revalued functions on [0,oo), is a 
complete, separable metric space when equipped with the metric: 

oo _^ 

p(wi,w 2 ) := V - max (|wi (t) - w 2 0)1 A l ) ■ 

Z 0<t<n 



X n and X are random variables taking values in (C[0, oo), B (C[0, oo))). Ac- 
cording to Skorohod's theorem, there exists J„ and X on an auxiliary space, 

s.t. X n = X n , X = X , and X n converges to X a.e.. Use Fatou's lemma and 
lower semi-continuity of p-variation, 



]m n ^ooP [\\Xn\\ p _ var > c 



P linu 



x n 






p—var J 


x n 






p—var J 



X r 



> c 



p—var 



> p 



x 



p—var 



>C\=P(\\x\\ v _ var >C 



As a trivial Corollary, for any a > 0, p > 1, 

ijm n ^E (\\x n \\ a p _ var ) > E (\\x\\ a p _ va 



(79) 



Corollary 52 Suppose Sk is the sum of first k terms of a sequence of i.i.d. 
random variables with mean and variance 1. Define as the continuous 
path on [0, 1] obtained by interpolating Sk/n? at k/n, 1 < k < n. Then for any 
C>0, 

Proof. £ n converge in distribution to the Wiener process W, use Lemma [5T1 
we get 



M n ^P ( HUa-^O.U > C) > P ( WWh-vaM > C) = 1 



•,[0,: 



In fact, it is proved in [2T] that there exists constant c > such that, if 
assume the i.i.d. random variables have finite 2 + 5 moment for some 5 > 0, 



then lim n ^oo P I ||£„ll 2 -i;ar > c In Inn) — 1 
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If we were working with Rademacher functions, the construction would be 
clearer. Glue pieces of rescaled random walks together, where each piece pro- 
vides sufficiently large 2-variation, then a.e. infinite 2-variation follows from 
Borel-Cantelli lemma. It is similar for Fourier series, only that we pick out those 
trigonometric functions which resemble an i.i.d. sequence. (For any m and n, 
e 2nine anc j ^2-nim8 are never independent: suppose 9 is uniformly distributed on 
[0, 1], with a binary expansion YlkLl ^k^~ k , then both {n9} and {m6} - the frac- 
tional part of n9 and mO - depend on a{{9k} k>K ) for some K > 1, comparing 
to Rademacher system, which is independent because r& = 29k — 1-) How- 
ever, there are far more trigonometric sequences, which do not exhibit random 
behavior, but with a heavy L 2 tail and infinite 2-variation almost everywhere. 

mi m k 

Suppose we have a sequence of integers n\, n\, . . . , m, • • • , rife, n*,, . . . , rif., ■ ■ ■ 
where nk, mk, k > 1 are integers. Denote the partial sum of this sequence as 
so = 0, Sk = J2j=i m j n j- Suppose 9 is uniformly distributed on [0, 1], and 9k is 
the fcth digit of the binary expansion of 9, i.e. 9 = J^feLi ^k2 k - One can check 
that {9k\k>\ are i-i-d. random variables satisfying P (9k = 1) = P (9k = 0) = \. 

Definition 53 Define a sequence of random variables 

(" fc ft \ 
27r Z_, 2~J J' 1 -*- m *=' fc - 1 ' ( 80 ) 

where m,k, nk, Sk, and 9k are defined above. 

{$\ nk \ 1 < i < mk, k > 1} are independent with mean variance i, and for 
each fixed k, {<4™ fc \ 1 < i < mk} are identically distributed. Moreover, 

<4" fc) - cos (2n2 Sk - 1+( -^ nk 9^ 

Suppose X and Y are respectively the partial sum process of 

oo mk oo -. m k 

f <*> = E ^ E - K- +e -'>"*e) «u = E E 4""- 

fe=i v K j=i fc=i v K j=i 

Then by showing that Y is of infinite 2-variation a.e., and choosing rife and 
mk to control the cumulated error produced by (|81[) . we can prove that X of 
infinite 2-variation a.e.. However, the estimation in Example l2"47 in forces 
us to choose before nk- Therefore, we need a result of uniform growth of 
2-variation of random walks produced by c[ for different ks. 

Definition 54 Define Y£ as the continuous process on [0, 1] by interpolating 
J2i=i ?i /mi at —, 1 < k < m, where s\ n \ 1 < i < m, are as defined in 

Lemma 55 For any constant C > 0, 

lim m ^ 00 hm n _ >00 P(|jy™|j 2 _ 1 , ar > C) = 1. 



< 



On k - 



(81) 
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Proof. Suppose 1 are independent random variables uniformly distributed 

on [0, 1], and Y m the continuous process got by interpolating (X}j=i cos #0/ m3 
at A. Since P(^ n) = cos(27r/c2-")) = 2" n , < fc < 2 n — 1, so ?| n) converge to 

cos^i in distribution as n — > oo. Noting that m is fixed, and <;\ , 1 < i < m, 
are independent, so Y£ converge to Y^j in distribution as n-> oo. Use Lemma 
02] and Corollary [52] 

limro^ooMSln^oo-P^ll^ml^-^np,!] > C 



> lisim-voo-P (ll^lla-uanio,!] 



> C = 1. 



Now, we are prepared to construct our series. 

Example 1241 There exists an L 2 Fourier series whose partial sum process has 
infinite 2-variation almost everywhere. 

Proof. According to Lemma [551 there exists a sequence of integers, {M s } s>2 , 
s.t. Vm > M s , 3N(s,m), s.t. Vn > N(s,m), 

P(\\Y*\\Lvar>S 2 )>~- 

Set TO fe := maxi< s < fe M s . Choose {n k }^ =1 , s.t. n k > N(k,m k ), 2 nk > ky/rn^, 
and n k +i > n k . Hence, 

P{\\ Y Z\\l > k2 ) > T» and Y #^ < oo. 

k=2 

Denote Y as the continuous process constructed on [0, oo) by patching up Y£* / k, 
k > 2. Then based on the elementary inequality: a 2 > b 2 /2 — (a — b) 2 , we have: 
(X is the partial sum process of corresponding Fourier series) 



» 2 



Noting that Y£*, k > 1, are independent, use Borel-Cantelli lemma, 



p(||X" 2 



2— var 



> P[\\Y\\l_ var = oo)>P[ma h ^ 00 



yn k 2 

m fc 



>1 =L 

2-uar / 



In fact, the method above can be applied to all orthogonal systems in the 
form {if (nx)} n>1 , x G [0,1], where ip is an a-H61der continuous function, < 
a < 1. 
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7 Appendix 

In this section, we prove that, for p-rough norm of piecewise linear paths, 2 < 
p < 3, one only need to consider finite partitions with all its points "edge 
points" . 

Lemma 56 Suppose a, b, c, d, e are in Banach space (V, ||-||), and p € [l,oo). 
Define function f : [0, 1] -> R+ by f (t) = \\a + tbf + ||(1 - t) c+ df. Then 

sup f(t) <max{/(0),/(l)}, (82) 
te[o,i] 

Proof. When p = 1, for any fixed i S [0, 1], 

||a + tf>|| +||(l-t)c+d|| 

< (l-*)||o|| +t||o + 6||+t||d|| + (l-t)\\c + d\\ 

< (1 - t) (||a|| + ||c + d||) + 1 (||a + + Nil) ■ 

Taking supremum over alH € [0,1], ([82]) holds when p = 1. 

Suppose 1 < p < oo. ([82]) holds when t = or 1, so suppose t G (0, 1). For 
fixed i € (0, 1), use Holder inequality: for any k\ > 0, &2 > 0, 

i / fl - t) p t p 
\\a + tb\\ < (jfci + I 1 g j ||af + — ||a + b\ 

where p -1 + g -1 = 1. Then, let fci = 1 — t, = t, we get 

||o + t6f < (1 -* + *)* ((l-t) p ~< ||a|| p + ^-f ||a + 6H P ) 
= (l-t)\\a\\ p + t\\a + b\\ p . 

where p— | = p N — =1. Same reasoning applies to ||(1 — i) c + e?|| p , i.e. 

\\(l-t)c + d\\ p < {l-t)\\c + d\\ p + t\\d\\ p . 

Thus, \\a + tbf + - t) c + d\\ p (83) 

< (l-t)(|| a |r + ||c + rf|r)+i(||a + 6f + ||d|| p ). 

Take supremum over all t € (0, 1), proof finishes. ■ 

Using this Lemma, for any finite partition of finite interval J, we can always 
replace " a point between edge points" by some " edge point" , without decreasing 
their V sum. 

For finite interval / = [a, b], denote 7 (a, b) := 7 (b) — 7 (a) as the increment 
of path 7 over I. 

In the following, we assume p £ [1, 00), and 7 : [0, n] — > (V, ||-||) is a contin- 
uous piecewise linear path obtained by interpolating on integers {k}^_ Q . 
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Proposition 57 For any {£fc} fc=0 satisfying = to <t\ < ■ ■ ■ < tx = n, there 
exists a sequence of integers {nj}j_ , = uq < n\ < ■ ■ ■ < nj = n, such that 

K J 
fc=l j=l 

Proof. If K = 1, then there are only two points in the finite partition: and 
n, both of them are integers. Suppose K > 2, and that not all i^s are integers. 
We progress from k = l to k = K— 1. Denote £ := min is not an integer}, 
then 1 < / < K — 1. Fix and tj+i, where i;_i is an integer according to the 
definition of I. Denote m := ti—\ and b := tj+i. 

If b < to + 1, then m < U < b < m + 1. Since to is an integer, and 7 is linear 
on [m, m + 1], so 

7 W = 7 7 (m) + — 7 (6) , 

b — m b — to 

and since p > 1, 

hK^f + ||7(*^)H P = ((|^) p + (^ L ) p )ll7(m,&)ir 

b — to b — to 

< (^ + ^)ll7K6)|| p = ||7K6)|| P . 

— TO — TO 

Thus, in this case, we remove from the partition. 

If 6 > to + 1, then there exists integer toi, to < mi < mi + 1 < 6, such that 
tj e (toi, mi + 1). Thus 7 (ti) = (mi + 1 - ij) 7 (mi) + (ij - mi) 7 (mi + 1), 
and 

||7(to,^)I| P + I|7(^)H P 
= ||7 (to, toi) + 7 (mi,i;)ir + 117 (*i,mi + 1) + 7 (mi + 1, &)f 
= H7 (m,mi) + (i; - mi) 7 (mi, mi + l)j| p 

+ ||(mi + 1 - *,) 7 (mi, mi + 1) + 7 (mi + l,b)f . 

Since mi + 1 — 1\ > 0, U — mi > 0, and mi + 1 — t\ + U — mi = 1, thus according 
to Lemma [551 

|| 7 (TO,t ; )l| P +ll7^,&)l| P 
< max{||7 (to, mi)|| p + H7 (mi, 6)|| p , H7 (m, mi + l)|| p + H7 (mi + 1, b)\\ p } 
: = max{C mi ,C mi+ i} . 

Then if C mi > C mi +i, we replace ti by toi, otherwise replace ti by toi + 1. 

Therefore, either by deleting t\ or replacing ti by an adjacent integer point, 
the sequence {ifc}^. =0 * s re pl ace d by a sequence of integers {ifc}jZ.Q or {tkY k J U 
{mi or toi + 1}, while without decreasing their l p sum. 

Continue this process for {£fc}^ ;+ i by denoting I' :— min{fc > I + l\tk is not 
an integer}, so on and so forth. The process will terminate since the sequence 

{tk.}k=o * s nn ite. ■ 

Similar result holds for area of 7. 
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Proposition 58 Suppose A := A (7) is the area function 0/7. Then for any 
{t/ c } fc=Q satisfying = to < t\ < ■ ■ ■ < in — n, there exists a sequence of 



Proof. Same as above, denote I :— mm{k\tk is not an integer}, and m := 

6 := ti +1 . 

If 6 < m + 1, then m < U < b < m + 1. Since 7 is linear on [to, to + 1], so 
\\A(m,ti)\\ p = \\A(ti,b)\\ p = \\A(m,b)\\ p = 0. In this case, we remove ij. 

If & > to + 1 and G (mi, mi + 1) for some integer ni\ 6 [m, 6), then 

7 (i;) = (mi + 1 — t{) 7 (mi) + (t; — mi) 7 (mi + 1). Thus since A (mi, t;) = 0, 

A (to, t;) = A (m, mi) + 2 _1 (t; — toi) [7 (m, mi) , 7 (mi, mi + 1)] . 

Similar result holds for A (ij, 6): 

A = A (mi + 1,6) + 2- 1 (mi + 1 - tj) [7 (mi.mi + l),7(mi + 1,6)] . 

Since mi + 1 — tj > 0, t\ — mi > 0, and mi + 1 — 1\ + ti — mi = 1, thus according 
to Lemma we get 



\\A(mA)\\ P + \\A(t h b)f 
< max{||A(m,mi)f + || J 4(mi,6)f,||A(TO,TOi + l)f + P(mj + l,6)f} 



Thus, replace ti by mi, if C mi > C mi +i; otherwise, replace ti by mi + 1. 

Continue this process for {tk\ k=i+ii by defining V := minjfc > I + l\tk is not 
an integer}, so on and so forth. ■ 
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